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Abstract: Our main results are: (1) The complex and Lagrangian points of a non-complex and non- 
Lagrangian 2n-dimensional submanifold F : M N, immersed with parallel mean curvature and with 
equal Kahler angles into a Kahler-Einstein manifold (N, J, g) of complex dimension 2n, are zeros of 
finite order of sin'^ 9 and cos^ 9 respectively, where 9 is the common J-Kahler angle. (2) If M is a 
Cayley submanifold of a Calabi-Yau (CY) manifold N of complex dimension 4, then /\^ NM is naturally 
isomorphic to /\^ TM . (3) If N is Ricci-flat (not necessarily CY) and M is a Cayley submanifold, then 
Pi{/\\NM) = pi{f\\TM) still holds, but pi{f\tNM) - pi{/\tTM) may describe a residue on the 
J-complex points, in the sense of Harvey and Lawson. We describe this residue by a PDE on a natural 
morphism <!> : TM — > NAI, = (JX)-^, with singularities at the complex points. We give an explicit 

formula of this residue in a particular case. When (N, /, J, K, g) is a hyper-Kahler manifold and M is an 
/-complex closed 4-submanifold, the first Weyl curvature invariant of M may be described as a residue on 
the J-Kahler angle at the J-Lagrangian points by a Lelong-Poincare type formula. We study the almost 
complex structure J^j on M induced by F. 



1 Introduction 



The role of the complex and anti-complex points on the topology-geometry of closed non-complex 
minimal surfaces immersed into complex Kahler surfaces has been studied in [2H1, [H], [HI) aiid 
[HT] . In these papers, it is proved that the set C = U of complex and anti-complex points 
is a set of isolated points, and each of such points is of finite order. The order of the complex 
and anti-complex points is defined as a multiplicity of a zero of (1 it cos 0), where 6 is the Kahler 
angle, and adjunction formulas were obtained in j2Hl, [HI and PT] : 

- orderip) - ^ order{p) = X{M) + X{NM) (1.1) 

pec- p6C+ 



order{p) - ^ orderip) = F*ci{N)[M]. (1.2) 



pec- pec+ 
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The proofs of these formulas come, respectively, from the following PDEs of second order on the 
cosine of the Kahler angle, with singularities at complex and anti-complex points: 

i A log sin2 e = {K"'^ + K^) (1.3) 

lAlog fi^^) = -fficd^(ei,e2), (1.4) 
\ 1 — cos d J 

where K^^ and are respectively the Gaussian curvature of M and the curvature of the 
normal bundle NM, and ei,e2 is a direct orthonormal frame of M. Therefore, (1.1) and (1.2) 
are formulas that describe some polynomials of topological invariants of the immersed surface, 
normal bundle and ambient space, as residue formulas of certain functions that have singularities 
at those special points. 

In higher dimensions, the papers 120] > 1^0] show how Pontrjagin classes and Euler classes 
of a closed (generic) submanifold M of a complex manifold (A'^, J) are carried by subsets of CR- 
singular points, that is, points with sufficiently many complex directions. The investigation of 
complex tangents on a m-dimensional submanifold M embedded into a Kahler manifold N of 
complex dimension m is very much justified, by the well known embedding theorem of Whit- 
ney. More generally, if N has a calibration 17 of rank m (see definitions in ^2]) and M is not 
0-calibrated we may expect that ^-calibrated points may have a similar role (ED)- Minimality 
of M should guarantee the order of such points to be finite. 

In 1^1] a general framework is shown to obtain this sort of geometric residues, inspired 
by the above examples. Given two Riemannian vector bundles {E^qe), {F,gp) over M, of the 
same rank m, with Riemannian connections V and V , and a bundle map ^ : F ^ E, 
degenerated at a set of points S, we may compare a m-characteristic classe Ch of E and the 
one of F, describing these invariants using the curvature tensors with respect to V and V , 
via Chern-Weil theory. $ induces on F a singular connection V'= <I>~^*V , Riemannian for 
a degenerated metric, and that makes $ a parallel isometric bundle map, but R' and Ch[R') 
can be smoothly extended to S by the identities B:{X,Y,Z,W) = gE{R^{X,Y)^{Z),^{W)), 
Ch{R') = Ch{R^). The difference Ch{R!) — Ch{R^) is of the form dT where T is a transgression 
form with singularities along S. If E is sufficiently small and regular, the Stokes theorem reads 
Im'^v (S) '^-^ ~ ~ IdV (s) "^here VeiTi) is a tubular neighbourhood of S of radius e, and letting 
e — > may describe Ch(E) — Ch{F) as a residue of T along T, and expressed in terms of the 
zeros of <I>. 

Inspired in this framework, the present paper shows some formulas of the type (1.3)-(1.4) 
for 4-dimensional submanifolds of certain Kahler manifolds. As we will see, to workout such 
formulas in dimension > 2 is considerably more difficult then in the surface case. 

We study the set C of complex points and the set C of Lagrangian points of non-holomorphic 
and non-Lagrangian immersed submanifolds F : M ^ N of real dimension 2n of a Kahler- 
Einstein (KE) manifold of complex dimension 2n, namely if F is immersed with equal Kahler 
angles (e.k.a.s). A natural bundle map $ : TM — > NM, ^{X) = (JX)-^, is defined and was 
first used by Webster. $ is degenerated at points with complex directions, and has maximum 
norm at Lagrangian points, where it is an isometry. If F has e.k.a.s, $ is conformal with 
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||<I>(X)|p = sin^0||X|p where 6 is the common Kahler angle, and away from C, one can define 
smooth almost complex structures J^j on M and J"*" on the normal bundle NM that are natu- 
rally inherited from the ambient space, and they coincide with the induced complex structure at 
complex points. These almost complex structures, with the Kahler angle, will be fundamental 
for our formulas. In section 3, if n = 2 we study J,^. 

If n = 2 and (A^, J, g) is Ricci-flat KE, M is a Cayley submanifold if it is minimal and with 
equal Kahler angles. If is Calabi-Yau these Cayley submanifolds are calibrated by one of 
the S^-family of Cayley calibrations (|12j.[T6]). The Cayley calibrations Q do not specify the 
complex or the Lagrangian points, but induce a natural isomorphism : /\^ TM — > /\^ NM, 
{n^\X AY),UAV) = n{X, Y, U, V) (see Prop.3.2) 

In Section 4 we prove that complex and Lagrangian points of a n-submanifold with parallel 
mean curvature are zeros of a system of complex-valued functions that satisfy a second-order 
partial differential system of inequalities of the Aronszajn type, and so, if the submanifold is 
not complex or Lagrangian, they are zeros of finite order. These inequalities are obtained from 
some estimates on the Laplacian of the pull-back of the Kahler form of by F, and on the 
Laplacian of $ : TM — > NM. Furthermore, the sets C and C have Hausdorff codimension at 
least 1, and if M is closed and n = 2, £ is a set of Hausdorff codimension at least 2. 

In Section 5 we prove the following residue- type formula, in the same spirit as formulas (1.3) 
and (1.4): 

Theorem 1.1. If F : M ^ N is a non-J -holomorphic Cayley submanifold immersed into a 
4-fold Ricci-flat Kahler manifold (not necessarily Calabi-Yau), the following equalities hold, for 
some representatives in the cohomology classes of M : 

PiiAlNM) = piiMTM) (1.5) 
PiiAiNM) = p^{AlTM) + \drj (1.6) 

where rj = r/(<I>) is a 3-form, defined away from the complex points, which is given by 

r/($) = -^(^>-^V$ A ($(i?^) + ^[$"^V$,«>"^V$])) (1.7) 

where ^{R^) : f\^TM f\^TM is given by ^{R^)[X,Y)[Z) = ^-^R^{X,Y)^{Z). Further- 
more: 

{A) If F has no complex points TM and NM have the same Pontrjagin and Euler classes. 

(B) If d^ = 0, or if g(Wx^O^),^{Z)) is skew symmetric on {Y,Z), then 6 is constant and 
$ : TM NM is a parallel homothetic diffeomorphism. 

(C) If g(SJx^(Y)^^{Z)) is symmetric on {Y,Z), or if R{X,Y)^ = 0, where R is the curvature 
tensor ofTM* O NM, then pii/\- TM) = pi{f^_ NM) holds, or equivalently M and NM have 
the same Pontrjagin and Euler classes. 

We will say that F has regular homogeneous complex points , if C = Sj is a disjoint finite 
union of closed submanifolds Sj of dimension di < 3, and for each on a neighbourhood V of 
Ej in M, sm.0 = fp where rj is the common order of the zeros of ^ (and of ||<I*||) along Sj, 
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and fi is a nonnegative continuous function, smooth on V ^ C, such that ||V/j|| exists as a 
positive function on all V, with > + 2 and the flow of Xf^ = ^^^j^p can be extended 
to Gto = {ip,w) G iVSj : \\w\\ < to} as a diffeomorphism ^ : Gt^ — F. That is, Xf. is 

a multivalued vector field at points p G S,, with sublimits spanning all TpT,j- and for each u 
unit vector of TpT,f- it is defined an integral curve 7(p.(t)(t) = (,{p,tu) with 7(p,m)(0) = p and 
~ c(py' '^^ci^C! c(p) = ||V/i||(p). This flow map defines for each sufficiently small 
e > a diffeomorphism from = {{p,w) G iVSj : \\w\\ = e} onto /j~^(e)- Furthermore, for 
each sufficiently small coordinate chart y of S we have a Farmi-type coordinate chart x oi V 
of class C"*"-^, extending y and satisfying /j = y^'^^^.+i + ■ ■ ■ + (see Prop. 5.8). Examples of 

such functions fi are the distance function cr to a submanifold S,. Let tt : AT^Sj := Ci — E^, 

7t{p, u) = p, and S{p, 1) the unit sphere of TpTif- C TpM. For u G S'd), 1) and X G TpM, set 
X^" = X — g{X,u)u, and define <j('u)(X) = (VuX)-*- G T^M where X is any smooth section of 
TM with = X. 

Corollary 1.1. Assume M is compact and F in Theorem 1.1 has regular homogeneous complex 
points of order ri on Sj. Let 4 = and set for each {p, u) G iV^Sj and X vector field on M , 

Ti{p,u) := ^i{p,n){Xp) := V;V,^^$(p), 

Gi{p,u){Xp) ■.= V;[rl^^h{p) + ri^i{p,uMu){Xp)) 

defining smooth sections Tj of ■k-^{TM* ® NM) and "^i^Gi of ■k-^{TM* ® {TM* ® NM)). 
Then there exist the following limits 

lim4.(e(p,e^x)) = _^^T,(p,u), (1.9) 
e^o ri\c{py^ 

\imeVxHaP,eu)) = ] ^,_^ ^,{p,u){X^") (1.10) 

if XIX/ fi near p, \miVxH^{p,eu)) = ] Gi{p,u){Xp), (1.11) 

e->0 ri\c{p)'^ 

with r !c(p)^i '^i{P-' ■ ^p-^ ~^ NMp an isometry. Furthermore, set 

4'^{p,u){X) = Ti{p,u)-'o^i{p,u){X) Tf'\p,u){X) = Ti{p,ur^ oGi{p,u){X). 

Then 

Pi{AtNM)[M]-pi{/C.TM)[M] = 
= E -j/ (/ c(p)-^(i;(')(;>,«)A(T(p,«)(i?^) + i?^))(*«)d5(p,i)(^))rfE,(p) 

,^rf^=2 ^-^^^ -^Sip,!) 

+ E E E-V / ( AW"M?;^"^(P,^)A[i;^'')(;>,«),i;^"^(p,i.)])(*n)d5(p,i)(n))ds.^ 

In section 6 we prove that if M is a J-complex submanifold and A'^ is Ricci-fiat, then (1.5) 
stiU holds. Moreover, if ci(M) = 0, then /\^ TM and A+ NM are both fiat, and TM and 



Salavessa-Pereira do Vale 



5 



/\^ NM are both anti-self-dual. 

If = (N, I, J, K, g) is hyper-Kahler (HK) of complex dimension 4, and M is an /-complex 
submanifold of complex dimension 2, then, considering on the complex structure J, M is a 
Cayley submanifold with a J-Kahler angle 9 that can assume any value. Furthermore, M has a 
hyper-Hermitian structure {M, I, J^j, J^^^^, g), defined away from totally complex points. More 
generally, if M is an "/-Kahler" Cayley submanifold of a Ricci-flat Kahler 4-fold (A^, J,g), i.e., 
locally on a open dense set of M ~ £, a smooth Kahler structure / exists and that anti-commutes 
with J(^, then we conclude (in subsection 3.2) that the J-Kahler angle 9 also satisfies the PDE 

Alogcos^e = (1.12) 

where is the scalar curvature of M. If M is closed, this is a residue-type formula for the first 
curvature invariant of Weyl of M, K2{M) = \ f^^ s^^Voljvf , in terms of the zero set S of cos 9, 
which is the set of the the J-Lagrangian points £ of M. We prove in section 7: 

Proposition 1.1. // is HK and M is a non-totally complex closed I-Kdhler submanifold 
with I-Kdhler form ivj, then there exist a locally finite union of irreducible analytic subvarieties 
of complex codimension 1 (i.e analytic surfaces) Sj and integers at such that S = |J- Sj where 
cos 9 vanish at homogeneous order Oj along Sj and a formula of Lelong-Poincare type in terms 
of characteristic divisors exist: ^K2{M) = — Oj J^. "^z- 

If / does not exist globally on M, we still can obtain a residue formula under some conditions, 
and a removable high rank singularity theorem (see Proposition 7.1 and Corollary 7.1). 

In section 8 we give some examples of complete non-linear Cayley submanifolds of (M^, Jo, ffo)) 
with no complex Jg-points, with only one complex point, with a 2-plane set of complex points, 
or with a 2-plane set of Lagrangian points. They are all holomorphic for some other complex 
structure of M . We also observe that all submanifolds, and in particular coassociative ones, 
that are graphs of maps / : M^, do not have Jo-complex points. 

2 The Kahler angles 

We recall the notion of Kahler angles introduced in |22I, ISB] and [201 ^^^^ an immersed 2m- 
submanifold F : M ^ N oia Kahler manifold of complex dimension 2n where m < n. We denote 
by J and g the complex and Hermitian structure of A^ and uj{X, Y) = g{JX, Y) its Kahler form. 
Let NM = {dF{TM))-^ be the normal bundle and denote by ( )"*" the orthogonal projection of 
F^^TN onto NM. The pullback 2-form F*u defines at each point p G M the Kahler angles 
9i,. . . ,9m of M, 9a G [0, such that 0036*1 > . . . > cos 9m > and {±icos9a}a=i,...,m are the 
eigenvalues of the complex extension F*uj to T^M. Polar decomposition of the endomorphism 
{F*uj)^ = \ {F*uj)^J^ where (J is the usual musical isomorphism, defines a partial isometry J^^ : 
TM — > TM with the same kernel KL^ as F*ijj. Then M = IJfeLo ^m-k where a point p G M is in 
Cm-k iff Rank{F*Lo)p = 2k. At each p G Cm-ki we may take an o.n. basis of TpM of the form 
{Xi,Yi = JujXi, . . . ,Xk,Yk = JujXk,Xk+i,Yk+i, . . . , Xm, Ym} where {Xk+i,Yk+i, . . . , Xm, Ym} 
is any o.n. basis of K,^. If O is an open set of M lying in Cm-k, then Xa,Ya can be chosen 
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smoothly on a neighbourhood of each point of O. The complex frame 

X —iY 

a = Za := " ^ — - a = Za a = l,...,m (2.1) 

diagonalizes F*uj, {F*uj)^{Za) = icosOaZa, and for a < fc, Z„ G T^^'^)*/ w.r.t. J^. We will use 
the greek letters a, /3, /x, . . . and their conjugates to denote both the integer in {1,2,..., m} it 
represents or the corresponding complex vector of T'^M above defined in (2.1). If M is orientable 
then C*" and C", are the set of points such that cos 6a{p) = 1 Va, and respectively, Ji^ defines 
the same or the opposite orientation of M. The eigenvalues cos 9^ arc only locally Lipschitz on 
M, while the product 2e{p) cos 9i . . . cos 9^ = {F*lj"^, VoIm) is smooth everywhere, where e{p) 
is the orientation of for p & Cq. For E subspace of TpM set E"^ = E D JE. 

Let uj-^ = 0J\j^M be the restriction of the Kahler form a; of iV to the normal bundle NM, and 
(a;-*-)" = I (a;-*-) "I J-*- be its polar decomposition. We define the following morphisms 

$ : TM NM E : NM TM 

X (jx)^ u {juy 

Note that JX = {F*lo)\X) + $(X), and $(X) = iff {X, JX] is a complex direction of F. 
Similarly for uj^ and S. $ : {TM-^)^ NM, E : (NM-^)^ TM are 1-1. Set 2s = dimiTM-'), 
2t = dim{NMJ). The o.m basis {Ua, Va} = {Ui, JUi, ...,Ut, JUt, H^), H^)}, where a 
are s.t. sin^Q, ^ 0, diagonalize lj-^, and so 2n = 2m + t — s, and for A = a + t — s, aA = 9^ are the 
the non-zero Kahler angles of NM. That is, TM and NM have the same nonzero Kahler angles, 
and they have the same multiplicity. Only the eigenvalues zti of (F*a;)'' and of a;-*- may or not 
exist and may appear with different multiplicity, t and s, respectively. Set Ea = span{Xa, Ya}, 
Fa = span{UA, Va}, and Pe^: the corresponding orthonormal projections of TM and NM. 
We use the Hilbert-Schmidt inner products on tensors and forms. We have 

\\F*ujf = i||(i^M"f = EaCOS^^a = \\cj^f + {s-t) = \\uj^f -2{n-m) 

gmX),<^iY)) = {l-cos9^cos9p)giX,Y) for X e Eo,,Y G E^ (2.2) 

giE{U),E{V)) = il-cos9o,cos9p)giU,V) ior U e Fa,V e Fp 

\\<pf = 2X;„ sin^ 9a = \\Ef - 4(n - m) 

u;-^ = -^o {F*uf {F*ujf oE = -Eoco-^ 

J-L o $ = o o S = -S o J-L on Co (2.3) 

-S o $ = E„ sin2 9aPE^ - $ o S = sin2 e,P^„ . (2.4) 

If X e TpM and U e NMp, then u;(C/,$(X)) = co{E{U),X), lo{U,J^X) = uj{J^U,X), 
g{UMX))) = -g{E{U),X). 

We denote by V both Lcvi-Civita connections of M and N or F~^TN, if no confusion exists, 
otherwise we explicit them by V and V . We take on NM the usual connection V , given 
by Vjs^ U = (VxC^)"*", for X and U smooth sections of TM and NM C F~^TN, respectively. 
We denote the corresponding curvature tensors by , and R^. The sign convention we 
choose for the curvature tensors is R{X,Y)Z = —Wx^yZ + VyVz -|- V[x,y]-Z^- The second 
fundamental form of F, \/xdF{Y) = \/dF{X,Y) is a symmetric 2-tensor on M that takes 
values on the normal bundle. Its covariant derivative V VdF is defined considering VdF with 
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values on NM. We denote by iMM '■ NM — > F TN the inclusion bundle map, and its covariant 
derivative VxiNM is a morphism from NM into TM. Then \/X, Y e TpM, U G NMp, pe M, 

g{VxiNM{U),Y)=g{{V^Uy,Y) = -g{U,VxdF{Y)) = -g{AU{X),Y) = -g{U,{V^Y)^) (2.5) 

where A : NMp —>■ L(TpM; TpM) is the shape operator. Let H = -^r^^^^traceg^VdF denote the 

mean curvature of F. F is minimal (resp. with parallel mean curvature) if = (resp. = 
0). F is J^-pluriminimal in Cq if (VdF)(i'i) (X, y) = i{\/dF{X, Y) + VdF{J^X, J^Y)) = 0. In 
this case F is minimal on Cq. For p e M, X,Y,Z e TpM, U,V G NMp, 

VzF*u;{X,Y) = -g{\7zdF{X),^Y))+g{VzdF{Y),^{X)) (2.6) 
Vzi^^{U,V) = -g{VziNM{U),E{V))+g{VziNM{V),E{U)). (2.7) 

If [E, gs) is a Riemannian vector bundle and T, S : TM E are vector bundle maps, we define 
a 2-form (T A S) by 

(T A S){X, Y) = gE{T{X),S{Y)) - gE{T{Y), S{X)). 

From the symmetry of VdF, {VzdF AVwdF){X,Y) = {VxdF AVYdF){Z,W). RecaU the 
Gauss, Ricci and Coddazzi equations: For X,Y,Z e ^^{TM), and U,V £ C^^NM) 

R^{X,Y,Z,W) = R^{X,Y,Z,W) + {VzdF AVwdF){X,Y) (2.8) 
R^{X,Y,U,V) = R^{X,Y,U,V) + {A^ AA^){X,Y) (2.9) 
-R^{X, Y, Z, U) = g{ VxVdF{Y, Z) - VyVdFiX, Z) , U ). (2.10) 

2.1 A$,AF*cj 

Lemma 2.1. Let F : M ^ N be a 2m- dimensional immersed submanifold. For any X,Y & 
TpM, U,V G NMp, and any local o.n. frame Cj of M, 

(i) VxHY) = cv^{VxdF{Y)) - VxdF{{F*u;)i{Y)). 

{ii) d<^{X, Y) = -VxdF{{F*u;)i{Y)) + VyciF((F*u;)«(X)). 

(m) = -2m{JH)^. 

[iv) A$(X) = 2m (V(^.,)„(;,)i7 - Via;^(iJ) - u:^{V^H)) + VxdF{5{F*uj)^)+ 

+E,VdF(Ve,(F*..)«(X), e,) + E,(^^(e., X, (F*a;)«(e,)) - i?^(e„ {F*u:f{X), e,)f . 

(v) AF*uj{X,Y) = 2m{g{Vj^H,^Y))-g{V^H,^X)))+2mg{H,d<^{X,Y)) 

+TraceMR^ {X,Y,dF{-),^{-)) + {VxdF,VY^) - {VYdF,Vx^)- 

(m) g{Vx^{U),Y) = g{{F*ujf{yxiNM{U)) -VxiNM{uj^iU)),Y) = -g{Vx^{Y),U). 

Proof. We take smooth vector fields X, y of M such that at a given point pq, Vy(po) = 
'S/X{pq) = 0, and assume also that Ve^ = at po- Then at po 

Vx^{Y) = VkmY)) = {Vx{JdF{Y))^f = {Vx{JdF{Y)-{F*u:f{Y)))^ 

= {jVxdF{Y)f - VxdF{{F*uj)\Y)) = u;^{VxdF{Y)) - VxdF{{F*io)\Y)) 
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and we get (i). (ii) follows from d^{X,Y) = Vx^{y) — Vy^>(X), and the symmetry of 
VdF. It follows that 5$ = -Ei Vei$(ei) = -2m{JH)^ + Y.i^eidF{{F*uf{ei)). Note that 
Y^^VeidF{{F*u)'^{ei)) = because VdF{X,Y) is symmetric and {F*uj)'^ is skew symmetric. 
Then {in) is proved. Now, 

d6<i>{X) = -2md{{JH)^){X) = -2mVx{uj^{H)) = -2mVxC0^i.H) -2muj^{VxH). 
6d^X) = ~E^'^e,d^e„X) = -j:XUd^e.,X)) 

= - Ve,dF((F*c.)«(X)) + VxdF{{F*u;)\e,))) 

= Y.X'-A^(F'.)Hx)dF{e,)-VxdF{{F*u:f{ei))) 

= \ydF{{F*unX),e,)+VdF{Ve,{F*co)Hx),e,) 

' - V,tVdF(X, iF*u;)He^)) - VxdF(Ve,((F*u;)«)(e,)) 
= E V(^,,)„(^) VdF(e,, e,) - (i?^(e,, {F* {X))ei)^ - ViVdF(e,, (F*u;)«(e,)) 
' +(i?^(e,,X)(F*a;)nei))^+VdF(Ve,(F*a;)«(X),eO + VxdF(<5((F*a;)*)) 

where we applied Coddazzi's equation (2.10) in the last equality. Since Vj^VdF is symmetric 
and F*u is skew symmetric J2i ^x^dF{ei, (F*a;)f (e,)) = 0. Thus, 

5d^{X) = V(j^.^)«(^)(2mi/) +E.(^^(e^,X)(F*.;)«(e,) -i?^(ei,(F*a;)«(X))eO^ 
+Y.,VdF{Ve,{F*uf{XUi) + VxdF{5{{F*uf)). 

Prom A$ = {d5 + (5(i)$(X), we get the expression in {iv). Since F*uj is closed, then, for Y 
vector field with Vy(po) = 0, and using (2.10) and (2.6) 

AF*a;(X, Y) = {d5 + 5d)F*uj{X, Y) = d{5F*uj){X, Y) = 
= Wx{SF*io){Y) - VY{dF*u;){X) = Y..A-Ve,F*uj{ei,Y)){X) + d{Ve,F*Lo{ei, X)){Y) 

= EAai^dFia, a), $(y)) - g{VdF{e„Y), cl>(e,))) {X) 

+E^d{ - g{VdF{ei, e,), HX)) + g{VdF{ei,X)M^i))){X) 

= d{g{2mH, HY))){X) - d{g{2mH, $(X)))(y) - E.5(Vi VdF(e,, Y), ^e,)) 

-j:M'^dF{e,,Y),VxHei)) + g{V^VdF{ei, X), <I>(eO) + g{VdF{ei,X), VyHei)) 
= 2m{g{\/xH,<i>{Y)) - g{S/YH,^X))) + 2mg{HyxHY)) - 2mg{H,VY^X)) 

+E g{-V^VdF{Y,ei) + V^VdF{X,ei) , $(e,)) 

+E. - g{VdF{ei,Y),Vx^{e^)) + g{VdF{e,,X), Vy<l>(ei)) 
= 2m{g{VxH, $(y)) - giVyH, + .g(ff, Y))) + i?^(X, F, a, $(eO) 

+Ei - 9{^dF{ei, Y),Vx^ei)) + 5(VdF(ei, X), Vy$(eO) 

obtaining the expression /S.F*uj of (t;). Finally we prove {vi). From H(?7) +lx)-^{U) = JU, and 
assuming at a point V C/ (po) = ( and so U = Vx^jvM(f^)) we obtain, at po 

VxS(C/) + Vxw(a;^(C/)) = (V#(S(i7)+a;^(C/)))^ = (JV#C/)^ 

= (j(Vxw(i7)))^ = (F*a;)«(VxW ([/)). 
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Therefore, using (2.5), and (z), 

g{Vxm),y) = -g{VxiNM{U),{F*ujf{Y))+g{LO^{U),VxdF{Y)) 

= g{VxdF{{F*u:f{Y)), U) - g{uj^{VxdF{Y)), U) = -g{Vx^{Y), U). □ 

3 Cayley submanifolds 

We assume m = n and that F : M^" N"^^ has equal Kahler angles (e.k.a.s), that is = ^ 
Va and we denote by £ = £„. In this case <I> and H are conformal bundle maps and 

{F*ujf = cos ej^ = cos ej^ (3.1) 

--.o^ = sm^ OldTM -^oE = sm^eidNM- on M. (3.2) 

On M ~ £, is (j(M-orthogonal. Thus Va,/3, 

5(Vz^(a),/3) = 2ig{Vza,P) = -g{a,VzJM), gi^zJMJ) = 0. (3.3) 

The Ricci tensor of N can be expressed in terms of the frame (2.1) as (see j23j ) 

sm^eRicci^{U,V) = ^„4i?^([/, JF, a, ^'(a)) = TraceuR^ {U, JV,dF{-),^{-)) (3.4) 

valid at all points p £ M, and U,V £ Tp^p-^N. We have 

Proposition 3.1. Assume {N,J,g) is KE with Ricci = Rg, and F : M ^ N is a 2n- 

dimensional immersed submanifold with e.k.a.s. Then 

(1) d^{X,Y) = 2cos0(V(iF)(i'i)(J^X,y) and Trace jj'^ = ^„d$(X„,y„) = 2ncose H. 

(2) dsin2 e{X) ■ g{Y, Z) = giVxHY), HZ)) + g{VxHZ), ^{Y)). 

(3) d^ = iff d^{X, J^X) = iff F is Ji^-pluriminimal or Lagrangian. Furthermore: (a) if 
R ^ 0, then d^ = iff F is complex or Lagrangian; (b) if R = 0, d^ = iff F has constant 
Kahler angle and $ : {TM,\/, g]\i) {NM,\/'^ , g) is a parallel homothetic morphism. 

(4) 6^ = iff H is a Lagrangian direction of NAI , iff F is minimal away from C. Conse- 
quently, <1> : {TM,'V, gM) {NM,'V ) is closed and co-closed 1-form (and so harmonic) iff 
$ : (TAf, V, (7m) — > (A^M, V ) is parallel iff F is Lagrangian or J^- pluriminimal. 

(5) // F has parallel mean curvature then 

A$(X) = -2nVia;^(F) + VxdF(5(F*a;)«) + E.VdF(Ve,(F*a;)«(X),e,) (3.5) 
+Y.,{R''{e^,X, (F*u;)»(e,)) - i?^(e„ (F*u;)»(X), e,))^ (3.6) 
/\F*uj{X,Y) = 2ng{H, -VxdF{{F*io)^{Y)) +VYdF{{F*u;)Hx)) ) 
+ sin^ 9RF*coiX, Y) + E,2u;^ (Ve,dF(y), Ve,dF(X)) 
+{VYdF,VxdF o (F*a;)«) - {WxdF^WydF o (F*w)»). 

Proof. (1) follows from Lemma 2.1, (2) from differentiation of (2.2), (3) and (4) are consequence 
of j24] and Lemma 2.1 (ii) and {Hi), and (5) follows directly from Lemma 2.1., (3.4) and the 
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J-invariance of Ricci^. □ 

Now we assume n = 2. Four dimensional submanifolds of any Kahler manifold of complex 
dimension > 4, immersed with equal Kahler angles, are just the same as submanifolds satisfying 

*F*uj = ±F*uj. 

Since pointwise F*u; is self-dual or anti-self-dual, and is a closed 2-form, then it is co-closed as 
well. In particular it is an harmonic 2-form. This is not the case of n 7^ 2, unless ii 6 = constant 
(see pij, or next lemma 3.1(2)). In case that is a KE manifold of zero Ricci tensor and of real 
dimension 8, a Cayley submanifold is a minimal 4-dimensional submanifold with equal Kahler 
angles 9i = 62 = 0. If A'^ is a Calabi-Yau 4-fold, that is a Kahler manifold with a complex 
volume form p G f\^^^^ M (this condition implies Ricci- flat, and the converse also holds in case 
A'^ is simply connected), these submanifolds are characterised by being calibrated by one of the 
Cayley calibrations O = ^co Auj + Re{p), where p is one of the S^-family of parallel holomorphic 
volumes of N (^U). Calabi-Yau 4-folds are Spin(7) manifolds. So, locally on N there is a 
section {ei, . . . jCg} of the principal S'pin(7)-bundle of frames of N defined on a open set U of 
A^, and that at each point p £ U, defines a isometry of TpN onto such that Q looks like (see 

m) 

n = d3;i234 + dx5Q-rs + {dxu + ^^34) A {dx^Q + dxjs) 7) 

+ {dxi3 - dx24) A {dX57 - dxQs) - {dxu + dx23) A (dX58 + dXQj). 

Prom this equation we see that the subspaces spanned by ei, . . . , 64 and 65, . . . , eg are Cayley 
subspaces. We note that we use the opposite orientation on Cayley subspaces that Harvey and 
Lawson do in ^] , and the calibration they use is given by il' = — + Re{p) that is 

n' = dxi234: + dx5Q78 + {dxi2 - dxsi) A {dx56 - dxjs) g^ 
+ {dxi3 + dx24) A (dX57 + dxQs) + {dxu - dx23) A {dX58 - dxQj) 

and so —0' and differ on the chosen parallel holomorphic volume, giving opposite fase on 
the special Lagrangian calibration. In ^2] it is proved that Spin{7) acts transitively on the 
grassmannian G{Q) of Cayley 4-planes of and the isotropic subgroup of a Cayley subspace 
E is K = SU{2) X 5C/(2) x SU{2)/Z2 (see in (1.39) of ^ how K is embedded in Spin(7)). 
Thus, we can assume that B = {61,62,63,64} and B-^ = {65,66,67,68} are direct o.n. basis of 
TpM and NMp respectively. We identify isometrically in the usual way bivectors with 2-forms. 
So Ji = 61 A 62 + 63 A 64, = 61 A 63 — 62 A 64, and = 61 A 64 + 62 A 63 defines a direct o.n. 
basis (of norm \/2) of /\_|_ TpM. Similar for /\^ NMp. We define a bilinear map: 

: A^TpM X A^^^^p ^ 

n^{x AY,u AV) = n{x, y, u, v) 

Proposition 3.2. defines a natural orientation reversing isometric bundle isomorphism 
between /\\TM and /\\NM. 

Proof. Identifying isometrically in the canonic way (via musical isomorphisms with respect to 
the induced metrics) the bilinear map Vt^ restricted to /\^ TpM x /\'^NMp with a linear map 
■■ K\TpM K\NMp, and using the frame Ci adapted to M, from (3.7) we see that Q. 
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applies to Jj^^, to and to —J^ , and so it gives a global orientation reversing 

2 , 



isometry bundle map between the vector bundles /\i TM and /\^ A^M. □ 



In particular, pi{/\_^ TM) = pi(A+ NM). We will see in section 5 that this equality still holds 
for the case of M Cayley but N only a Ricci-flat Kahler manifold. In this case, we cannot 
guarantee the existence of a global isomorphism between the two bundles. If M were calibrated 
for 17' we would obtain a global orientation preserving isometry bundle map between the vector 
bundles TM and NM. 

For simplicity of notation we denote by 

gzXY = g{VdF{Z, X), JdF{Y)) = g{VzdF{X), <!>(¥)) (3.9) 

and define iOMiX,Y) = qm^JuiX^Y). We have 

dwM{X,Y,Z) = g{VxJUY),Z) - g{VYJUX),Z) + g{VzJUX),Y) (3.10) 
= g{dJUX,Y),Z)+g{VzJUX),Y). (3.11) 

Recall the Weitzenbock operator of /\^T*M applied to F*uj is given by 

SF*oj{X, y) = - Rie^,X)F*u;{ei, Y) + Rie„Y)F*u;{ei, X) 

where Cj is an o.n.b. of TpM, and R is the curvature operator on A^ T*M: VX, Y,u,v G TpM, (f) S 
/\^T;M, (R{X,Y)(j)) {u,v) = -(p{R^{X,Y)u,v)-(p{u,R^^{X,Y)v). Let = trace Ricci^^ = 
J2fj.'^R'^cci^^ {fi, ft) be the scalar curvature of M. 

Lemma 3.1. For an immersion with e.k.a.s, \fX G TpM, Va, /3: 

(1) ||VF*u;||2 = n||Vcos^f + i cos^ 0|| VJ^f . 

(2) 6{{F*iu)^) = {n-2)J^{Vcose). 

(3) cos 6l(5J^) = (n- 1)J^(V cos 61). 

(4) 6{F*u;){X) = Z^.i-'^axf^fi - 2gxm) + 2ng{H, JdF{X)). 

(5) gx(3a = gxa(3 + cos 9 giVx Julia), (3). 

(6) gxPa = gxctP + -^d cos 0{X). 

(7) jdcos9{X) = —gxf^P + gxP(3 ( no summation on (3). 

(8) Forn = 2,6F*uj = 0,andifH = §dcos 6l(X) = -c/x W = fx/^/U- 

(9) S'' = E^p 8fl*^(^, p,fl,p)+ SR^'ip, p, p, p) = Ef^p 16i?^(/i, p, p, p) - SR^'ip, p, p, p). 

(10) {SF*LO,F*u;) = 16cos2eE^p^'^'(/^,P,/^,P) =cos2 0s*^ + Epp8cos2ei?^^(/i,/x,p,p). 

(11) For n = 2, H = 0, and N Ricci-flat, Acos^e = {SF*uj,F*uj) + \\VF*ujf. 

Proof. All formulas are somewhere proved in |2l]. We only need to check (4) and part of (8). 
Since 2nH = E^ 2'V^dFp + E^ 2S/fidFp and VdF is symmetric, by (2.6) 

6F*io{X) = Ep - 2\/^F*u{p, X) - 2VpF*io{p, X) = E^25p/2X - 2g^Xp + 2g^pX - 2g^Xp 
= g{2nH, JdF{X)) - EAVi^ + '^9fiXp). 



Salavessa-Pereira do Vale 



12 



For n = 2, from (2), 6F*ll! = and so if F is minimal by (4), YliMdxfJ-fJ- = — '^^gxfJ'tJ'- Finally, 
by (7) idcose{X) = - dxl^fi + = E^. - '^gxf^fi = E^2gxW- □ 

Consequently 

Proposition 3.3. If n = 2 and F : M ^ N is a submanifold with e.k.a.s, then 

(1) diJM = —dlogcos 9 A ljm, 

(2) dcos6l(l) = -2icos6l5(V2Ja;(2),l) = 4cos6l5(V22,l), 
dcos6'(2) = -2icos6l5(ViJa;(l),2) = 4cos 6'5(Vil, 2), 

(3) and if F is a Cayley submanifold, then gx22 = —gx^^- 

Proof. (1) From = dF*u! = d{cos9LJ]\f) = dcosO A com + cosOdujM we obtain (1). From 

(1) , |dcos6l(l) = (icos6' A a;Af(l,2,2) = - cos 6ldwM(l, 2, 2). Equations (3.3) and (3.10) give 
(ia;M(l,2,2) = ^'(Vg Ju;(l), 2) = — ^((Vg Jt^(2), 1) = — 2f5(V22, 1) obtaining the first equality in 

(2) . Similar for dcos9{2). Lemma 3.1(7)(8), and minimality of F imply —2gx^^ + 2gx'^^ = 
idcose{X) = E^ -^gxlifi = -2gxll - 2gx22 and we get (3). □ 

3.1 The almost complex structure 

Proposition 3.4. If n = 2, and F has e.k.a.s, on M ^ C, we have 

(1) dJi^ = iff 'V Jul = 0. In this case duM = 0. 

(2) cosd = const, iff dojM = iff V^J(^(a) = iff SJ^j = 0. 

(3) If VJ(^ = then cos 9 = constant and F*uj parallel. 

(4) is integrable iff dJui{l,2) =0 iff ^■yJui{o() =0. 

(5) If F is Juj-pluriminimal then cos 6* = constant. 

Consequently we have: 

{A) If is integrable, then cos 9 = constant iff J^j is Kdhler. 

{B) If is an almost complex structure of the Gray list tlOj that is, Kdhler, or almost, quasi, 
nearly or semi-Kdhler, then cos9 is constant. Therefore, immersions with non-constant e.k.a.s 
produces submanifolds with an almost complex structure on M ^ C, that might be integrable but 
not one of the Gray list. 

Proof. From (3.10) dJ^) = implies 

dujM{X,Y,Z) = g{VzJui{X),Y) (3.12) 

with {Z,X) '^zJlj{X) symmetric. But then duJM = 0. By (3.12) we get VJo; = 0, and we 
have proved (1). Since VJ^T^'^M) C TO'^M (see (3.3)), then, dwM(a,/5,7) = 5(V^ J^(a), /3), 
and for n = 2, a, /3,7 must have repeated vectors, so, = dujMict, (3,'y) = 5'((iJ^(a, /?), 7) + 
g{V^Ju;ia),(3). Using Prop.3.3(2) and (3.3) 

WdiOMf = Yl 16|dt^M(a,/3,7)l'= 16|(V^J^(a),/3)P = ^8||V^J^(Q)f 

= ^T7T(|dcos0(l)p + |dcos0(2)p) = 2||Vlog(cos0)f (3.13) 
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and we have proved the first 3 equivalences of (2). The last one comes from lemma 3.1(3). 
If VJtj = then 6Juj = 0. Thus, by (2) cos9 is constant, and by Lemma 3.1(1) V-F*ci; = 
and (3) is proved. The integrability of J^^ is equivalently to the vanishing of the tensor: 
Nj^{X,Y) = [J^X,J^Y] - [X,Y] - J^[X,J^Y] - J^[J^X,Y]. Using the connection on M we 
have NjjX,Y) = -J^{dJ^{X,Y)) + {Vj^xJu.){Y) - (Vj„yJ^)(X). From o = -Id we 
have Vx^(^l^) = -Jc.(Vx^(^)). Thus, Nj^ = iff dJ^{X,Y) = dJ^JcoX, J^Y), iff 
dJi^{a,(3) = 0, iff V^Ja;(a) = 0. Recall that pluriminimality implies cos9 = constant (|21|)- 
Now we prove (A). If J^^ is integrable and cos 9 is constant, by (2) and (4) VJ^^ = 0, i.e. J^, 
is Kahler. Now we prove the last remark (B). If is almost-Kahler, that is duJM = 0, from 
(2) cos9 = constant. If J^j is nearly-Kahler, that is WxJuiiX) = 0, then 5Juj = 0, and so 
it is semi-Kahler. The later implies by (2) that 9 is constant. If is quasi-Kahler, then 
^xJuiiY) = —^j^xJoj{JojY), and so ViJcj(l) = V2Ja)(2) = 0. By Proposition 3.3 this implies 
cos 9 = constant. □ 

Remark. As an observation, we conclude that if i? 7^ and M is compact immersed with 
e.k.as and with almost Kahler (i.e. duJM = 0), then M is Kahler, confirming the Goldberg 
conjecture in this case. In fact, from previous proposition we have 9 constant, and so theorem 
1.2 of concludes that is Kahler. 

Let B = {Xi,Yi, X2,Y2} be a diagonalising o.n. basis of F*uj at the point p £ M, and let 
e(p) S {—1, +1} be the sign of this basis (well defined for p ^ C), and if p E M ~ C, we denote 
by e'{p) the sign of the basis B' = ^B) of NMp. Then ^ diagonahzes 

uj-^, and has the same orientation as B'. 

Lemma 3.2. Let n = 2 and F : M ^ N be an immersed oriented submanifold with e.k.a.s. 
Then <I> : TM NM is, along M ~ C U C, an orientation preserving bundle morphism, 
with respect to the orientations defined by and J"*" respectively. Moreover, for p £ M C, 
e{p)e'{p) = +1 always hold. 

Proof. From (2.3) $ is a J^ — J-'--anti-holomorphic morphism, and so it preserves the orientations. 
If p G £, for any chosen basis B, e{p)e'{p) = +1 still holds. Now assume p ^ C U C. Since 
<^>{Xa) = JXa - cos 9Ya, ^{Ya) = JY^ + cos9Xa, then 

/ A^iTpM) := VoW (^i, ^l, ^2, i^2, ^(^i), «5(yi), ^(Xs), ^(Is)) = e{p)e'{p) sin^ 9 
= Vo W (Xi , n , , ^2 , JXi , JYi , JX2 ,JY2) = VoW (Xi , JXi , Fi , JFi , X2 , JX2 ,Y2,JY2). 

Note that if TpM is a Lagrangian subspace, then = 1 for any o.n.b. Xi,Yi,X2,Y2 of TpM 
we choose. Now we prove that > holds for any TpM with e.k.a.s with cos^ 7^ 1. We 
consider the strictly decreasing continuous curve, a : [0,^] — > [0,1], defined by a{t) = ^-^j^^^, 

a(0) = 1, and a(^) = 0. We may identify TpN with V = x M^, with complex structure 
Jo(X,y) = i-Y,X). We consider the family of maps, for t G [0, f]. Ft : ^ V, Tt{X) = 
{X, a(| —t)Juj{X)), where J^j is a fixed (70-orthogonal complex structure on M^. For each t, Tt is 
an isomorphism of M.^ onto a subspace Et = r((M^) with e.k.a 9 = (^—t) and complex structure 
Juj (see dO]), giving a continuous curve of subspaces starting from a Lagrangian subspace Eq = 
of V. Then t G [0, A^^{Et) is a continuous curve of nonzero numbers, starting with 
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value 1 at f = 0. Thus it remains positive on [0, ^[. Now, all subspaces E of dimension 4 of 
V that have the same Kahler angles are the same up to a unitary transformation of V, ( such 
transformation maps a diagonalising basis of E and of E-^ into the corresponding ones of E' 
and E'^, see [201 or (Ml)- This proves e{p)e'{p) = > 0. □ 

Recall that a hyper-Kahler manifold is a Riemannian manifold (N, g) endowed with two Kahler 
structures I, J that anti-commute, IJ = — JI. Then I,J,K := IJ define a family of Kahler 
structures indexed on 5^, (JiO^-gS'^, Jx = cil + bJ + cK, x = (a, 6, c). 

Proposition 3.5. Let n = 2, and F : M ^ N be an immersed connected oriented submanifold 
with e.k.as. Then we have: 

(1) With respect to the given orientation of M , $ : TM NM is, away from C, an orientation 
preserving morphism. Furthermore, we may assume that the orientation of M is such that F*io 
is self-dual on all M, and so J^^ and J-*- define the orientation of M and NM resp.. 

(2) // (N, {Jx)x£S^T 9) ^-^ hyper-Kahler, and F : M ^ N is a Jx-complex submanifold, then 
Vy G S^, ^*^y selfdual , where ojy is the Kahler form of {N, Jy,g). Moreover M is a Cayley 
submanifold of {N, Jy,g) with k.a cos9y{p) = \\{JyX)^\\ where X G TpM is any unit vector. 

Proof. (1) follows immediately from Lemma 3.2. Each of the 2-forms rj± = F*iJ i: *F*u; 
is harmonic and so, if not identically to zero, its zero set has empty interior. This implies 
that one of the rj± must vanish identically. Thus, we may choose the orientation of M s.t. 
F*ui is self-dual on all M, and so defines the orientation of M. From Lemma 3.2 J-*" 
defines the orientation of NM. Now we prove (2). First we recall that for any x,y G 5"^ 
JxJy = Jx-y = -{x,y)Id + Jxxy Let B = {61,62,63,64} = {X,JxX,Z,JxZ} be an o.n.b. 
of TpM. We have g{JyJxX,X) = -{y,x) = g{JyJxZ,Z) , g{JyJxZ,X) = -g{JyX, JxZ), 
g{JyZ, JxX) = —g{JyxxX, Z), and g{JyJxZ, JxX) = g{JyX,Z). A basis for the self-dual 2- 
forms on M is given by 

= 61 A 62 63 A 64, J,^ = 61 A 63 - 62 A 64, = 61 A 64 62 A 63. (3.14) 

Then we see that F*u>y = cosdy{p)J^ where u = j{< y,x > i + g{JyX, Z)j + g{JyxxX, Z)k) 
{i,j, k is the usual basis of G M'^) and 

cosey{p)=t=^{< y,x>2 +giJyX,Zy + g{JyxxX,Zy) = ||(Jj,X)^||, 
proving that F*ujy is self-dual. In particular M is a Cayley submanifold (see also ,21^). □ 

3.2 A particular case 

Let us first assume that is an hyper-Kahler (HK) manifold (A^, /, J, K, g) of complex dimension 
4, where / and J are (7-orthogonal Kahler structures on A'^ that anti-commute and K = IJ. If 
M is an /-complex submanifold of complex dimension 2, then from Prop. 3. 5 M is a J-Cayley 
submanifold of N. Let ujj be the Kahler form of {N,J,g). Then F*u)j'^ = cosOjJ^j. Similar 
for K. We are going to describe an o.n. basis that diagonalizes F*ujj and wj- that we use in [2] 
and Uni- Let p G M and X G TpM be a unit vector and Hx = span{X,IX, JX,KX}. Since 
TpN is a vector space of dimension 8 and X G TpM, there exist U G Hj^ n NMp unit vector and 
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o.n. basis B of TpAI and B of NMp of the form 

B = {Wi,W2= IWi, W4 = IW3} = {X, IX, J(cX + sU),K{cX + sU)} 
B^ = {Ui, U2 = lUi, C/3, C/4 = IU3} = {-U, -lU, J{cU - sX), K{cU - sX)} 

where + = 1. The basis {Wi, J^jjWi, W2, JcujW2} and {Wi, J<^,^M^i, W2, J<^,^ W2} diagonal- 
ize F*ujj and F*lok respectively with cosOj = \c\ = cos 6k- Moreover, / = , J^^j = eJ^, 
Jojji = ^Jk^ where e = sign c (if c = take e = 1) (see (3.14)). Consequently, the hyper- 
Hermitian structure on TM defined by the orientation determined by / is given by {/, J^jj, Juiii}^ 
defined on jCq, that is, away from totally complex points, i.e. points with c = 0, (see next remark). 

Remark. A convenient multiple of the m-power of the fundamental 4-form gives a calibration 
( |27j ) . Then we may define a quaternionic angle for any 4m-dimensional submanifold. The 
ri-angle of a complex 4-submanifold (in the sense of quaternionic-Khaler geometry) is given by 
d{p) s.t. cos6{p) = Q{Xi, X2, X3, X4) where Xi is a d.o.n.b. of TpM, and has values between ^ 
and 1. The first extreme value corresponds to a totally complex point, that is a point s.t. TpM 
is /-complex and J-Lagrangian, for a local almost hyper-Hermitian structure I, J,K = IJ of N. 
The other extreme value corresponds to a quaternionic point, a point s.t. TpM is a quaternionic 
subspace of TpN, or equivalently TpM is / and J -complex. 

Now we return to the general case of (iV, J, g) being a Ricci-flat KE 4-fold and F : M ^ N 
an immersed 4-submanifold with e.k.a.s. For each non J-Lagrangian point p and local almost 
complex structure I on M orthogonal to J^ we can find a local basis Zai<a<2 defined by (2.1) 
satisfying 

/(I) = 2 /(2) = -l /(I) = 2 /(2) = -l. (3.15) 

In this subsection we are going to assume that for each po £ M r^C a Kahler complex structure 
/ orthogonal to J^j exists on a open dense set O of a neighbourhood of po, and we will say that 
M is I -Kahler. Then (see e.g. [Oj, |18) ) we have the following orthogonal decomposition w.r.t. 
/ on O : 

A+TM = Rioi e (t(^'°) Af e T^^^^Hi) (3.16) 

where coj denotes the /-Kahler form on O. Moreover any real self-dual harmonic 2-form 
orthogonal to loj (for the Hilber-Schmidt inner product) is of the form ( = ip -\- (p where (p is 
a holomorphic (2, 0)-form over O. The /-Ricci form p*^ p^HX,Y) = Ricci^'\l X ,Y) and the 
scalar curvature s^^ of M is given by 

= -idd log \\ip\\^ = -idd log WCW^ (3.17) 
s"" = A+log||v9f = A+log||Cf (3.18) 

away from the zero set of C- If we take C = F*ujj we conclude: 

Theorem 3.1. on a open set O of M where M is I -Kahler 



Ricci^\lX,Y) = -^d{dlogcos'^eoI){X,Y) 
s^ = Alogcos^e. 



(3.19) 
(3.20) 
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Proposition 3.6. If M is I-Kdhler, then J^^ is integrable iff 9 is constant. In the particular case 
that N is hyper- Kdhler, and M is I -complex suhmanifold, then is integrable iff 9 is constant, 
iff Jul is Kdhler, iff {M,I , J^,IJ^) is hyper- Kdhler. 

proof. Since and / anti-commute and / is parallel on M, then (VJa;)o/ = V(Jcjo/) = — V(/o 
Ju) = -loVJ^. Therefore, 5(Vz^(l),2) = (7(Vz^(-/(2)), 1(1)) = g{lV zJui{2)J{l)) = 
g(VzJw{2),l)- By Prop.3.3(2) and (3.15) dcos9{l) = 2icos9 g{Vi(^i)J^{l),2), dcos9{2) = 
2z cos (7(V/(2)'/a;(l)5 2). Thus, dcos9{Z) = 2icos9g(VizJojil),2), or equivalently 

VzMY) = -d\ogcos9{IZ).I^I{Y). (3.21) 

From Prop. 3. 4(4) and the above formula (3.21) we conclude that is integrable iff = 
g{dJ^{l,2),l) = idlogcos6'(l) and = g{dJ^{l,2),2) = -i(ilogcos6'(2), that is, iff cos6' is 
constant. This condition turns out to be equivalent to to be Kahler, by Prop. 3. 4(A). □. 

4 Complex and Lagrangian points 

In this section we will study the nature of the complex and the Lagrangian points of a subman- 
ifold F : M^" A^^" immersed with parallel mean curvature and with e.k.as. We introduce 
some natural complex vector subbundles J-'^ and J^^ of F^^TN, over M ~ £, that generalizes 
to higher dimensions the special complex vector subbundles defined for immersed real surfaces 
into Kahler surfaces given in (HJ. Namely, for each point p G M ~ we define the J-complex 
vector subspaces of Tp^^p-^N 

= {X- JJ^X : X G TpM}, = (4.1) 

and the linear morphisms, over M ~ £, : TM , 'l!^{X) = \{X ± JJ^jX), being ^+ a 

complex morphism, while ^~ is an anti-complex one, both conformal: 

^-^o j^ = ±jo^±, g(^-±(x),^'±(y)) = ii±f^(7(x,y) \/x,Y. 

In particular is an isomorphism over M ^ C, what implies J-^ to be smooth of real rank 
2n. Thus, the same holds for . Denoting the decompositions TM" = T'^'^M T^'^M and 
TN" = T^'^iV e TO'^iV, with respect to and J respectively, we have : T^'^M T^'^iV, 
^- . T^fiM rO'^iV. At p e M C, yX £ TpM X = ^'+(A) + ^'"(A), .IJ^X = 
^-(X) - *+(A). Note that, w.r.t the complex structure J, Tp'^N = (:F+)i'0 (.?> )^'°. Then 
we may take a local unitary o.n. frame [^/2Wa, ^/2Kct)\<a<n 

of r(i'°)A^, along M ~ £ s.t. 

Wa G T^'^N n {J^^Y Ka G T^'°N n {J^-y. (4.2) 

Let p a non Lagrangian point, and X^, = J^Xa a diagonalising o.n. local frame of F*oj, on 
a neighbourhood of p and let = a as in (2.1). Note that G T^^^M with respect to J^. 
Define some local complex maps Uap, Vap on M ~ £ by 

vl/+(a) = (Z,)i'0 = Y.pU^pWp, *-(a) = {Z^f^^ = EpVapK/s- (4.3) 

Consider the n x n complex matrices u = [ua/3]i<a,i3<n, v = [vai3]i<a,i3<n- 



Salavessa-Pereira do Vale 



17 



Lemma 4.1. u ■ = ■ u = ^{1 + cos 6)Id, v ■ = ■ v = ^{1 — cos 9)Id. In particular, for 
each 01, fi, 1^0,^1 ^ 2 ; — 2 ■ 



Proof. We have in.^n^ = E^p5K7^7>^^p) = ^+(/?)) = |(1 + cos^)^, 

and similar for v. Recall that for matrices, AA^ = D, where -D is a real diagonal matrix, implies 
A* A = D. □ 

Now we obtain some estimates: 

Lemma 4.2. On a neighbourhood of a point p & M ^ C, there exists a constant C > s.t. 

andWA,B eC^iT^N) \R^ {P, n, A, B)\ < C||$|| (4.4) 

||VJa;|| < C\m. (4.5) 

Proof Since (A^, J, g) is Kahler, by (4.3) 

i?^(/?, ^i, A, D) = T..,,^up^v^pR''{W^, K,, A, B) + vp^u^pR^{K^, Wp, A, B) 

Thus, the estimate of |f^p| in Lemma 4.1 and that = 4sin^^ = 4(1 — cos^)(l + cos^) 

implies (4.4). By (3.3), to estimate ||VJtj|| we need only to estimate \(SJzJw{pi), p)\- We have 

VzF*oj{^i,p) = {Vz{F*Lo)\fi),p) = {dcos9{Z)JM + (^os9VzJM,p) = cose{VzJM,p) 
and from (2.6) we obtain (4.5). □ 



Proposition 4.1. Assume F with parallel mean curvature and e.k.as. 

(1) Locally there exist a constant C > such that ||A$|| < C||$||. 

(2) If N is KE, locally there exist a constant C > such that ||AF*a;|| < C||F*a;||. 

Proof. Note first that by the expression of VzF*u in (2.6), we have || V-F*a;||, ||(5-F*a;|| < C||$||. 
The term Vxi^^{H) of A$(X) in Prop.3.1(5) can be estimate using (2.7): || a;-^(-H")|| < 
C||S|| < C||$||. Now let L{X) = (i?^(e„ X, {F*Lo)^{ei))-R^{ei, {F*co)\X),e,) )^. L vanish 
at Lagrangian points. On M ~ £ we take a local unitary complex frame y/2Ua,V^Ua of the 
complexified normal bundle. Then 

-^(a*) = J2a cos6{R^ {a, II, a))^ = X^^^^^ — 8i cos 9R^ {a, fx, a, Uj)U^ — SicosOR^ {a, p,, a, U^)Uj. 

Therefore, by Lemma 4.2 and Lemma 4.1, we conclude that ||L(/i)|| < C||<I>||, and we have 

proved that ||L(X)|| < C||^>||. By Prop.3.1(5), away from C, ||A^>|| < C||$||. At a point 

p G £, ^> is an isometry and is smooth so the inequality also holds. Again by Prop.3.1(5), 

\\AF*u}\\ < C{\\F*Lo\\ + ||(j^||) < C|cos^| < C||F*cc;||. □ 

In order to conclude from Proposition 4.1 that complex points and Lagrangian points are zeros 
of finite order of ^ and F*uj respectively, we need to translate some inequalities of Aronszajn- 
type for vector bundle maps to similar inequalities for the components, li ip is a r-form on M 
with values on a Riemannian vector bundle E over M, the Weitzenbock formula reads 



AV' = {d5 + 6d)^ = - Ve,(Ve,V) + Vy ^,^A + S{^) 
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where Cj is any o.n. frame of M and S{'ip) is the Weitzenbock operator on T*M®E. Assume 
M is a connected Riemannian manifold, and Ea is a finite family of Riemannian vector bundles 
over M, and V^, iIja G C°°(A'"'^ T*M®Ea) is E'^-valued r^-form on M. We need the following 
Aronszajn-type theorem: 

Lemma 4.3. Assume M is connected and there is a constant C > Q s.t. ||A^/^^|| < X^5C'(||V'_b|| + 
IIVV'bII) VA. If {iI}a} have a common zero of infinite order, then all ipA = on all M. 

Proof. Let and WA,a be a local o.n. frames of M and of Ea respectively. For each a = {ii < 
... < ir^}, ^ = e*i A . . . A e*'' (gi WA,a, defines an o.n. frame of fX^-^ T*M ®Ea for the Hilbert- 
Schmidt inner product. Let ^ be the local components of V'A w.r.t ^, V'A = So- a o-^A «■ 
Then Vx-^A = Yla,a '^'^X^^^^'^Aa + '^A.cr^^^A.a ^^'^ apptying Weitzenbock formula to ^/^a, 

Consequently, there exists constant C',C > s.t. |Aa^^| < ||AV'a|| +J2i3 pC{\aA p\ + ll^'^Apll) 

— J2b f3p^{\'^B p\ + 11^*^5 pll)- ^ common zero of infinite order of {V'a} is a common zero of 
infinite order of the family {a'^ and the lemma follows from last remark of . □. 

Proposition 4.2. Let m be the dimension of M and Z be the set of common zeros of ipA- If 
for each p ^ Z there exist an A s.t. p is a zero of finite order of ipA, then Z is a countably 
(m — l)-rectifiable set, and in particular has Hausdorff codimension at least 1. 

Proof. See, for example, a proof in [3]. □ 

Since the zeros of infinite order of $ (resp. F*uj) are zeros of infinite order of sin^ 9 (resp. 
cos^ 9), and that we call by complex points (resp. Lagrangian points) of infinite order, the above 
estimates in Prop. 4.1, Lemma 4.3 and Prop. 4. 2 leads to the conclusion (1) and (2) below: 

Corollary 4.1. Let F : M^"— ^A^-^" be an immersion with parallel mean curvature and e.k.as. 
Then: 

(1) If H = 0, and F is not a complex submanifold, the set C of complex points is a set of M of 
Hausdorff codimension at least 1. 

(2) If N is KE and F is not a Lagrangian submanifold, the Lagrangian points is a set of M of 
Hausdorff codimension at least 1. 

(3) If n = 2, M is closed, and F is any immersion with e.k.as, the set C of Lagrangian points 
is a countably (n — 2)-rectifiable set and so has Hausdorff codimension at least 2. 

Proof. (3) If n = 2 and F has e.k.as then F*uj satisfies DF*uj = where D = d + 5 is the usual 
Dirac operator for forms on M, from 5^ we obtain the result. □. 

Remark. In case (3) F*uj is an harmonic self-dual 2-form. It is known that the zero set of generic 
harmonic self-dual 2-form, is a disjoint union of curves diffeomorphic to S^. 
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5 A residue-type formula 

5.1 Curvature tensors and characteristic classes 

Recall that if {E,g,\/^) is a rank k Riemannian vector bundle over a Riemannian manifold 
M of dimension 4, the first Pontrjagin class pi{E) can be represented in the cohomology class 
i?^(M, M) by the 4- form defined by using the curvature tensor of V 

where the curvature components Rfj G C°^{/\^T*M) are defined w.r.t. a local o.n. frame 
B = {-E'i}i<j<fc- If A; = 4 and E is oriented, the Euler characteristic class X{E) is given by 

X{E)=X[R'') = -^(Rf.ARg-Rf.ARg + Rf.ARg). 

If we take {1, 2, 3} = A^, A^, the usual corresponding basis of /\^ E built from B (see (3.14) 

for the selfdual case) we easily verify that Rf^ = 2Rf^, Rf^ = -2i?J±, R2} = 2Rf±. With 
this basis one derives the well known relation: 

pi{AlE)=pi{E)±2X{E). (5.1) 

Set, for direct orthonormal bases of TpM and Ei of Ep, 

zi = \{ei-ie2), Z2 = ^{€3 - 164,), wi = ^{Ei - iE2), W2 = ^{E^ - iE^) 

Then YoIm{zi, zi, Z2, Z2) = —j, and if R^^ denotes the curvature components w.r.t. this basis, 
i.e. with A, B G {wi,Wi,W2,W2}, we have 

X{E) = -^(i?f2Ai?i-i?fi Ai?| + i?f2Ai?fi) (5.2) 

PiiE) = ^{-Rf^ARf^-RgARg + 2Rf2ARg-2Rf2/\R^l) (5.3) 

PiiAlE) = -^{{Rf^ + Rg)A{Rf^ + Rg)-ARf2ARf2) (5.4) 

PiiAiE) = --L((i?fj-i?|)A(i?fi-i?|)+4i?f2Ai?2l) (5.5) 

Herman Weyl introduced some curvature invariants K2ciM), 1 < c < [f], of a manifold M of 
dimension n embedded in a Euclidean space, that appear in its formula on the volume of a tube 
of radius r about M. These invariants are defined in the same way for any Riemannian manifold 
M (see e.g. ^2). For c = 1, and c = 2 they are respectively 

K2(M) = I / s^VoU/, K4(M) = {{s^f - A\\Ricci^f + )Vo1m 

where H-R^"^!! is the Hilbert-Schmidt norm of R^^ as a 4-tensor. Thus, for dim{M) = 4, K4 reads 
the Gauss-Bonnet formula 4^K4(M) = X{M) (see e.g 0). 
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If E and F are vector bundles over M and T : TM —>■ E a 1-tensor, I : E x F ^ Mm and 
R : TM X TM F 2-tensors, then /(T A i?) G (g)^ TM* denotes the 3-tensor 

1{T A R){X, Y,Z)= ^ 1{T{X),R{Y, Z)) = 1{T{X), R{Y, Z)) + 1{T{Z),R{X, ¥)) + 1{T{Y), R{Z, X)). 

X,Y,Z 

If R is symmetric (resp. skew symmetric), then so it is 1{T A R). We also recall the Kulkarni- 
Nomizu operator, a symmetric product for two 2-tensors ^, ^ € 0^ TM* 

cf> . Y, Z, W) = <f>{X, Z)aY, W) + <f>{Y, Wnx, Z) - <j>{X, W)aY, Z) - <j>{Y, W) 

Assume {E,gE) is a Riemannian vector bundle with a Riemannian connection V^. The curva- 
ture tensor R of TM* (g) £^ is given by 

iR{X,Y)^){Z) = -WIyHZ)+^y,xHZ) = R^iX,Y)mz)) - ^R^{X,Y)Z) 

where Vxy$ = Vx(Vy$) - Vy^^^, for a smooth section $ of TM* (g) E. 

Lemma 5.1. Let {E,W^ , gE) be a rank-4 Riemannian vector bundle over M and : TM E 
a conformal morphism, with gE{^{X),^{Y)) = hg{X,Y), and denote by 3 = —h^"^. Then: 

(1) g{E{U),Y) = -gE{U,^Y)), andg{Vxm),Y) = -g{VxHY),U). 

(2) gE{VxHY),^Z)) + gEmY),VxHZ)) = dh{X)g{Y,Z). 

(3) d'^^{X,Y,Z) = -{R{X,Y)^){Z) - {R{Z,X)^){Y) - {R{Y,Z)^){X) = -R^ A^X,Y,Z). 

(4) gE{{R{X,Y)^){Z),^W)) = -gE{{R{X,Y)^){W),^Z)). 

(5) R^{X,Y,^Z),^W)) = hR'^{X,Y,Z,W) + gE{{R{X,Y)^){Z),^W)). 

Proof. Using $ o S = —hIdE, (1) and (5) are obvious. (2) is obtained from differentiation 

of gE{^{Y),^{Z)) = hg{Y,Z). Since is a (7£;-Riemannian connection, from (5) we derive 
(4). (3) follows from the definitions d^{X,Y) = Vx^{Y) - Vy$(X) and d:^^{X,Y,Z) = 
{Vxd^){Y, Z), and that R^ satisfies first Bianchi. □ 

X, Y, Z 

We consider the degenerated metric on M, g{X, Y) = gE{^{X), $(y)), and singular connection 
V'= $-i*V with torsion T that makes $ : {TM,V',g) -> {E,V'^,gE) parallel, namely VxY = 
VxY + S{X,Y), where 

S{X, Y) = $-^Vx$(y) and T{X, Y) = ^-^d^{X, Y). 

It is a Riemannian connection w.r.t g. Since is conformal then g = kg. Let V denote the 
Levi-Civita connection of {M,g), if = log/i, and set 

S{X, Y) = VxY - VxY = \ipxY + \^yX - \g{X, y)V(^, S'iX, Y) = V'xY - VxY. 

where v^x = dip{X). Then 5 = 5 + 5', and T(X,y) = 5(X,y)-5(y,X) = 5'(X,y)-5'(y,X). 
The curvature tensor i?' : TM /\'^ TM of V' that is given by i.e. 

R'{X,Y,Z,W) = g{R'{X,Y)Z,W)=gE{R''{X,YyXZ),^W)) 

= hg{^-^R^iX,YMZ),W)=gmR''){X,Y)Z,W) (5.6) 

may not be a curvature-type tensor. The Bianchi map for R : /\^ TM /\^ TM is defined as 
g{h{R){X, y, Z), W) = ^ R{X, Y, Z, W). Note that b{R) G TM*®TM f] L{f\^ TM; TM) 
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Proposition 5.1. In the conditions of previous lemma, b{R') = — <I>^^(i^<I>. So R' satisfies the 
first Bianchi identity iff {R{X,Y)^){Z) does so, iff d"^^ = 0. In that case R' is also symmetric. 
Thus, R! = ^{R^) is a curvature operator at a point p & M (i.e R! ^ B, see notation in JE^) 
iffd^<^ip) = 0. 

Proof. Using the fact that i?*^ satisfies the first Bianchi identity and lemma 5.1(3) gives 
b{R'){X,Y,Z,W) = ^ R''{X,Y,^Z),<!>{W))= ^ gE{{R{X,Y)^){Z),^W)) 

X, Y, Z X,Y, Z 

= -gE{dH{X, Y, Z), '^>{W)) = -g{^~^dH{X, Y, Z), W). 
Now we have from symmetry of i?^^, 

R'{Z, W, X, Y) - R'{X, Y, Z, W) = g{{R{X, Y)<^){Z), <!>{W)) - g{{R{Z, W)<!>){X), ^Y)) 

= -gEid^iX, Y, Z), ^W)) + gE{dH{X, Y, W), ^Z)) 

-gEidH{Y, Z, W), cD(X)) + gE{(fHX, Z, W), ^Y)). □ 

Proposition 5.2. If {Y, Z) g{Vx'^{y),^{Z)) is symmetric then R{X,Y)<^ = 0. 

Proof Set If = log/i. From lemma 5.1(2) we have Vx^iY) = ^dip{X)^{Y). It follows that 
V|^y$(Z) = ^Hes.s^p{X,Y)^{Z) + l^pxipY^iZ). That implies Vl,y$ = Vy,x^- □ 

5.2 Proof of (1.5) of Theorem 1.1 

If N is KE with Ricci^ = Rg, (3.4) says that 

E„i?^(a, Ha)) = '-^Rco = E.^^(«, $(«)) (5-7) 



Note that JX = (JX) ' + (JX)^ = cos9J^{X) + $(X), and so 

R^{X,Y,^{Z),^{W)) = R^{X,Y,Z,W) + cos^ 9 R^{X,Y,J^Z,J^W) 

+ cos e R^{x, y, z, jj^w) + cos e r^{x, y, jj^z, w) 

Since Joj{a) = ia, we have on M ~ i2, 

R^i^a), $(/?)) = sin2 9 R^{a, (3), i?^($(a), 7) = -R^{a, $(7)), 
i?^($(a), 7) = -R^{a, $(7)) - 2i cos 9 R^{a, 7), 

R^ma),^{j)) = (l + cos2^)i?^(a,7) -2icos^i?^(a, J7) = sin^ ^i?^(a, 7) - 2i cos ^ i?^(a, $ 



E„i?^($(a), $(a)) = sin^ 9R^{a, a)-2i cos 9R^{a, $(a)) = sin^ 9{Y.^R^{a, a)-^ cos 9Ruj) 

(5.8) 

The Gauss and the Ricci equations (2.8)-(2.9) gives 
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Lemma 5.2. On M C 

= sin2 0i?^(a,/3)-sin2 0(VadFAV;3di^) + (yl*(") AA*(^)) (5.9) 

i?^ = WeR^^{aj3)-2icos9R^{a,^{^)) (5.10) 

- sin^ 9 {VadF A V^dF) + (A*^'^) A A*^^)). 



We have for A,B e T^M 

{VAdF AVBdF){X,Y) - A A*(^))(X, Y) = 

sm U 

( (c/x^a^y-Ba - gxctAgyaB) + {gxAagyBa - gxaAgyaB) 



sin^ 



- (c/yAa^x-Ba - gyaAgxaB) - {gyAagxBa - gyaAgxaB) ) 



Using lemma 3.1 applied to the above equation we have 

Lemma 5.3. For a Cayley submanifold F : M ^ N, we have on M ~ (£ U C), 

A = ^(VidFAVidF) + ^dcos0A{g .11 + g . 11) 

+ coseg . 2lA5(V.Ja;(l),2)-cos6»5 . l2 A g{V.J^{l),2) 

aA*(2)) = ^(V2dFAV-2dF) + ^dcoseA{g.22 + g.22) 

+ coseg . 12A£f(V.J„(2),l)-cos%.2lAg(V.Ja,(2),l) 

A = sli^iy^dF A V^dF) +idcoseAg . 12 

-coseg . llA£f(V.Ja,(i),2)-cos(9£f . 22A5(V.Ja,(l),2) 

Proof. This is a long but straightforward proof using lemma 3.1(5)(6)(8) and (3.3). We only 
prove one of the equalities, for the other ones are similar. 

(!^(VidF A V2dF) - A A*(2)))(x,y) = 

= J2ai9x'i-OigY2a - gxalgyoa) + {gxlagY2a - gxalgvoa) 

+ '}lai~9Y'^'^gx2a + gYalgxa2) + {-gYlagx2a + gYalgxa2) 
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= T.adx'^agY^a - (.gxla + cose.g(Vx^c^(l), a))(.gy2Q: + §(5„2rfcos0(r)) 
+ gxloigy^a — {gx^ct + ^Said cos 9{X)){gY2a + cos 9 gCVyJu {2), a)) 

J2a -9Y^agx2a + {gy^a + cos9g(VyJujil),a)){gx2a + ^5a2dcos9{X)) 
- gylagx'2a + {gyla + ^daidcos9{Y)){gx2a + cos9g(VxJu,{2), a)) 
= -^gxl2dcos9{Y) - cos9g(y xJM), 2) gy 22 - cosOgxllgiVyJM), 1) " ^dcos9iX)gy21 

+yyl2dcoseiX)+cos9g{VyJU'^),2)gx22 + cos9gyllg(yxJM),^) + ^dcos9{Y)gx21 

-i cosed cos 0{Y)g{VxM^), 2) - f cos 9d cos 9iX)g{VyJM), 1) 

+^cosedcos0{X)g{VYJa;{l),2) + ^cosedcose{Y)g{VxM2),l) 
= id cos e{X) (-5^21 + 5y 12) - irf cos e{Y) {-gx21 + gxl2) 

- coseg{VxJ^{l),2)gY22 - coseg{VyJ^{2), l)gxll 

+ cos egiVyJ^il), 2)gx22 + coseg{VxM2), l)gyll 

+i cos ed cos e{X)g(SJYJ^ {1),2) - icosOd cos e{Y)g{Vx M^),2) 

= icos6irfcos6l(X)5(VrJa,(2),l)- I cos6ldcos6'(y))ff(Vx^(2),l) 

- coseg{VxJM), 2)(ffy22 + gyll) + cosOgiVyJU^), 2){gx22 + gxll) 
+icosedcose{X)g{VYJ^{l),2) - icosedcose{Y)g{VxJW^),2) 

= - i cos ed cos e{Y)g{VxJu> (1), 2) + f cos ed cos e{X)g{VYJ^{l), 2) 

+ cos file/ ( Jo, ( 1 ) , 2) ( i cos 6»(F) ) + cos % ( Vr (1) , 2) (- 1 d cos 6'(X) ) 

= □. 

The two previous lemmas, (5.7) and (5.8) give us 

Proposition 5.3. If F : M ^ N is a Cayley submanifold of a Ricci-flat N , then on M C 

i?^($(l),$(i)) = siii26ii?*=f(l,l) + 2idcos0Ag . li-2icos6li?^(l,$(T)) 

+2cos6',g. 21 A.9(V.J^(1),2) - 2cos6'.g . 12 A .9(V. J,^(l), 2) 

i?-L($(2),$(2)) = sin2 6'i?*^(2,2)-2idcos6lA.g . Il-2icos0i?^(2,<l>(2)) 

+2cos6'g . 12Aff(V. J^;(2),l) - 2cos6'ff . 2l A c/(V.^(2), 1) 

i?^($(l),$(2)) = sin2 0i?^(l,2) 

ii-L($(l),$(2))) = sin=^6lii^(l,2) + 2idcos6'A5 . 12-2icos6'J?^(l,$(2)) 

-2cos6'5. llAc?(V.Ja,(l),2) -2cos% . 22 A ^(V. Ja,(l), 2) 

FuHhermore, ^"^(^(")' ^(«)) = Ea sin^ 6'i?^(Q!, a). 



Proposition 5.4. If F : M ^ N is a non-J -holomorphic Cayley submanifold and N is Ricci- 
flat, then (1.5) holds, that ispi{f^,NM) =pi{f^ TM). 
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Proof. If M is a Lagrangian submanifold, then $ : TM NM is an orientation preserving 
isometry, and so characteristic classes of M and NM are the same. Now we assume M is neither 
Lagrangian nor complex submanifold. We consider the formulas (5.2)-(5.4) using the curvature 
tensors R^^ of M and of NM w.r.t the connections V of M and V of NM, respectively, 
and away from complex and Lagrangian points we may take 61,62,63,64 as Xi,Yi, X2,Y2 and 
Ei,E2,E3,E4 as ^j-, ^i^, % the previous Proposition 5.3 and (5.4) we easily 

see that the equality (1.5) is valid on M ~ £UC, as forms ( and not only as chomology classes). 
Moreover the expressions in (5.2)-(5.5) do not depend on the o.n. basis used, and are smoothly 
defined on all M. Since the set of complex and Lagrangian points have empty interior (corollary 
4.1). Then (5.4) and so (1.5) stays valid on all M. □. 

From (5.1) and the previous proposition we obtain: 

Corollary 5.1. In the conditions of the Prop. 54, X{M) - X{NM) = \{pi{NM) -pi{M)). 
5.3 Proof, of (1.6) of Theorem 1.1 

Since Vis a ^-Riemannian connection, and V'= V+ 5", by Theorem 1.1 of |^, we have 

p,{R')-p,{R''') = -^d [{S' A {R'' - \dS' - \{S'f))g) (5.11) 

where S' : TM^/\^TM, {S'f, R^'^ : f\^TM^ f\^TM are defined by 

{S'{X),Y ^Z)■g = g{S'{X,Y),Z) 
{{S'fiXAY),ZAW)g = giS'{X,Z),S'iY,W))-giS'iX,W),S'{Y,Z)) 
{R^'^iX AY),Z AW)g = h{R^'^{X,Y,Z,W) + cj)»g{X,Y,Z,W)) 

where R^^ is the curvature tensor of (M, g = kg) , and 

(t>=^{- II^^Qg^ll g + ldlogh^dlogh- Hess{\ogh)). (5.12) 

The inner product {,)g is the usual inner product on /\^TM, defined w.r.t. g. So we will 
compute all the terms in (5.11). 

Let (p = log h. The letters A, B, ... denote vector fields X, Y, Z, Vip or ca, and we denote by 

^^B = $~^Va^(5) ^aBC = g{<^-^VA^{B), C) ^a = dip{A). 
The gradient is w.r.t. g. From lemma 5.1, 

^aBC + ^aCB = ipAg{B,C). (5.13) 

We easily derive 

ipz^yXA - ifY^z^A = -ipz^Y^X + (pY^zAX (5.14) 
^yAZ-^zAY = g{<^-^d^{Z,Y),A)+g{ipYZ -ipzY,A) (5.15) 
<^YZVip-^zYVip = -<^Y^fZ + ^z^fY = g{^~'^d<^{Y,Z),V(p). (5.16) 
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Now we have 

S'{X,Y) = '^-'Vx'^iY)-l^xY-^^YX + ^g{X,Y)Vip 
VxY = VxY + ^ipxY + ^<pyX - lg{X,Y)Vip. 

Since V is a ^-Ricmannian connection and S'{X,Y) = V'xY - VxY, then g{S'{X,Y),Z) = 
—g{S'{X,Z),Y), and so, the same holds w.r.t. g. Let be a ^-o.n. basis of TpM. We have 

g{S'{X, ei),ej) = ^xij - lvx5ij - ^<Pig{X, ej) + ^g{X, ei)(pj. (5.17) 

We consider from now on TM with the metric g, and from a tensor g G C°°(/\^ TM (g) /\^ TM) 

we define a 4-tcnsor on M as q{X, Y, Z, W) = {q{X AY),Z A W)g, where {X AY,Z A W)g = 
g{X, Z)g{Y, W) ~ g{X, W)g{Y, Z) is the Riemannian structure in TM defined w.r.t. g. For 
each tangent vector X of TpM we denote hy X = h~^X. 

Lemma 5.4. If q & C°°(A^ TM ® TM) and is a g-o.n. basis of TpM, X,Y,Z e TpM 
& Eij9{S'{X,ei),ej)g{Y,Z,ei,ej) =b{Q){X,Y,Z,Vip) - & ^,q{Y, Z,^-^Wx^ei),ei). 

X, Y, Z X,Y,Z 

Proof. Since q{Y, Z, Cj, Cj) is skew symmetric on (e^, Cj) 

X, Y, Z X,Y,Z 

Prom previous lemma and (5.13) we obtain for any 2-tensor ^ G C°°((g)^ TM*) 
Ei. 5(5' (^, ei), ej)^ . 5(1^, ^, e^, e,) = 
= © -e(F,$-iVx*(^))+C(^,$-^Vx$(F)) + Ei^(^,eO$xi^-^(^,ei)$xil' 



= & -e(i',*-iVjf$(z))+e(z,$-iVx$(y)) 

:, y, z 

H (3^) Ei^(i^,ei)(-*x^i 

X, Y, Z 

^ 2aZ,^-^d^X,Y)). 



+ & j:iaY,ei){-<^xZi + ipxg{Z,ei)) - az,ei){-<^xYi + ipxg{Y,ei)) 

X, y, z 



Thus 

Lemma 5.5. 

© Ei,-5(5'(^,eO,e,)i?^(y,Z,e,,e,) = ^ j:,-R^iY,Z,^-^WxHei),ei) (5.18) 

X, Y, Z X,Y,Z 

& Eij9{S'{X,ei),ej)^.g{Y,Z,ei,ej) = ^ 2^{X,^-^d^{Y, Z)). (5.19) 

X, Y, Z X,Y,Z 

Lemma 5.6. Let g{Y, Z, A, B) = g{S'{Y, A),S'{Z, B)) - g{S'{Y, B),S'{Z, A)). We have 

^ E^M^'{X, e,), ej)g{Y, Z, a, e,) = (5.20) 

X, Y, Z 

= © (Ei,- ($xy-$xii)5(*-'Vr$(ei),$-iVz$(e,))-35($-iVx$(V<p),$-id$(y,Z))) 

X,Y,Z^ ' 

© ( \d^®d^{X,^-H^{Y,Z))^\\^^fg{X,^-H^{Y,Z))). 



+ 
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Proof. 



g{S'{Y, ei), S'{Z, e,)) = ^C^"' Vy<I>(eO - i^ye, - l^,Y + lg{Y, e,)V^ , 

$-1 Vz$(e,) - i^ze,- - ^ipjZ + y{Z, e.OVy.) . 



Using (5.13) and the fact that g{S'{X,ei),ej) is skew symmetric on we have, after inter- 
changing i with j in some terms, 



^ yogis' {X, ei), ej)g{Y, Z, a, ej) = 

X,Y,Z . . 

= 63 5Z5(5'(X,eO,e,)(25($-iVr$(ei),$-iVz$(e,))-v'z*yii + Vr$zii (5.21) 

'''''''' -ipj^viZ + ^j^ziY + g{Z,ej)^YiV^ - g{Y,ej)^ziV'p ) (5.22) 

+ 03 Y.9iS'{X,ei),e^){{-ld^(^d^ + \\\W^fg)*g{Y,Z,ei,e^)) (5.23) 



X, Y, Z 



(5.21) + (5.22) = 

= 03 {^xij - \<Pxki - h^i9{X, e,) + y{X, e,)^,) {2g{^-^WY^{ei), Vz$(e,)) 

X,Y,Z . . 

-ipz^yij + VY^zij - Vj^yiZ + <fij^ziY+g{Z, ej)$yiV<^-fif(F, ej)^zi'^V ) 
= ^ Ei7 +'i^xij gi^~'^'VY^{ei),^~'^'Vz^iej)) - ifz^xij^yij + <fiY^xij^zij 

X,Y,Z 

+ S3 Y.i^^xi^f^yiZ + ^xi^-i^^ziY + ^xiZ^yiVif - ^xiY^zi'Vif 

X, Y, Z 

+ S3 Ei-VxS'(*"^Vy$(ei),$-iVz«>(ei)) + <^x¥'zVr 

X, Y, Z 

+ S3 +|<;?x$rVv>.^ - ^(fix^zVifY - Itpx^yZVip + ^ipx^zYV<p (5.24) 

X, Y, Z 

+ ^ -g($-iVr$(V^),$-iVz$(X)) + |(/jz$rV^X- i(/jy$zV^X (5.25) 

X, Y, Z 

+ S3 +^,vx^Y^^Z ~ l^x<^z^^Y - \g{X,Z)ipY\\V^f + \g{X,Y)ipz\\V^f (5.26) 

X, Y, Z 

+ S3 +5($-iVr$(X),$-iVz$(V(^))-i^z*yXV^ + i^r*z^V(p (5.27) 

X, z 

+ S3 -^||V<p||2$yXZ+i||Vv'||2$z^F + i(pz^rXV<^- i^r^z^V^ (5.28) 

X, Y, Z 

The last two terms of (5.27) cancel with the last two of (5.28). From (5.14), (5.15) and (5.16) 

i<^z$y V(^X - i</jy$zV<^X = |^x$zV^r- |<^x$yV<^Z= i<^xg(*"'d*(>",^),Vv5) 

X, y, Z X,Y,Z X, Y, Z 

that we replace in (5.25), and ^ipx^y'^^Z — ^ipx^z^^Y = —^^x^yZV^p + \ipx^zY^^ = 
|(/?x3(^*~^c?*^'(-^, ^), V95) that we replace in (5.24) and (5.26). We also have Vij 

S!3 ^z^xij^yij - VY^xij^zij = 0. (5.29) 

X, Y, Z 
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Thus, 



(5.21) + (5.22) = 

= & Eij +2^xij g{^-'VY^ei),^-'Vz^ej)) (5.30) 

X, Y, Z 

+ © Ei -^xiVip^yiZ + ^xiVcp^ziY + ^xiZ^YiVip-^xiY^ziVip (5.31) 

X, Y, Z 

+ E. -^x.g($-iVy$(e,),$-iVz$(ei)) (5.32) 

X, Y, Z 

+ © -^xg{^-'d<^{Y,Z),\7^) (5.33) 

X, Y, Z 

+ ^ -5($-iVr$(V(^),$-iVz$(X)) + 5($-iVy$(X),$-iVz$(V(p)) (5.34) 

X, Y, Z 

+ & l\\':7'p\\H^xYZ-^YXZ)-\\\VipfiipYg{Z,X)-ipzg{Y,X)). (5.35) 

X, Y, Z 

Moreover 

(5.34)= e -5(^-'Vx^(v</p),$-id$(y,z)). 

X, Y, Z 

Since (J) <i>ziV(/?$x«^ = $y^V(^$z^-'^, then 



(5.31) = X;i-*x«V<^($r«^- $z«i^) + $F«V<^($xi^- $zi^) 

: -2$xiV(^($ri-^ - ^ziY) 

-2$xiV93ff(«'"^rf*(-^, y), Ci) - 2(fiY'^xZ\/(p + 2(pz'^xYW(fi 
-2<Pxiy^gi^~^d^Z, y), - 299yg($-id$(X, Z), Vy^) 
-2{-^xVipi + <px'Pi)g{<^-'d^Z, Y), ei) - 2<pYg{<^-'d^X, Z), Vcp) 



X, Y, Z 

© E 

X, Y, Z 

© E 



= e E 

X, Y, Z 

= ^ 2g{^-^d^{Z, Y), Vx$(V^)) - 2vxg{^-^d^{Z, Y), Vip) - 2<pYgi^-^d^X, Z), V^) 

X, Y, Z 

= ^ -2g{'S>-^Vx^'7'p)),^-^d<i>{Y,Z))+Aipxgi,^-^d^Y,Z),V^). 

X, Y, Z 

We have ^xYZ - ^yXZ = g{^-'^d^X, Y), Z) and \\\V<fif{<fixg{Y, Z) - ipzg{Y, X)) = 0, that 

X, Y, Z 

we will replace in (5.35). Moreover 



(5.30) + (5.32) = ^ Ei,- i'^xij - $xji) 5($-' Vy$(ei), Vz$(e,)). 



(5.36) 



X, Y, Z 



Therefore, 

(5.21) + (5.22) 



& Eij ($x*J-$;fji)5($-^Vr$(ei),$-iVz$(e,)) 

X, Y, Z 

+ © -3g{^-^Wx^^v), ^-^d^{Y, Z)) + 3g{ipx^v, ^-^d^Y, Z)) 



© \\\W^rg{X,^-'d^{Y,Z)). 



□ 
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Proposition 5.5. 

{S' A (i?^ - - liST))g{X, Y, Z) = (5.37) 
= © \{^-^R^{Y,Z) + R^{Y,Z),^-^Vx^)-\d{g{^-H^{-,-),yv)){X,Y,Z) (5.38) 

X, Y, Z 

+ & j^($-iVx$,[$-'Vr$,$-iVz$]). (5.39) 

X, Y, Z 

Proof. Let a g'-orthonormal frame of TM. Then is a ^-orthonormal frame. We have 
{S'A{R-^,clS'-^{S'ng{X,Y,Z)= © (5'(X),(^-id5'-i(5r)(y,^))§= (5.40) 

X, Y, Z 

= ^ Y.ij 1{S'{X), h A e,-)§ (^(F, e,, e^-) - \{dS'{Y A Z), A e,)§ - i((5')'(F A Z), A e,)§) 

= ^ Eij IgiS'iX, e,), e,) {hR^{Y, Z, e„ e,) + h<P . .g(y, Z, e„ e,) - A Z), A e,)^) 

- \g{S'{X, e,),e,) {g{S'{Y, e,), ^'(Z, e,)) - 9{S'(Y, cj), S'{Z, e^)) 

= ^f^^ij hgiS'iX, ei),ei) {R^^Y, Z, e„ e,) + cj, . ^(y, Z, e,, e,)) (5.41) 
''■''■^ -i<?(5'(X,e.),e,)((Vy5(Z)-Vz5(y),e,Ae,)§) (5.42) 

- yiS'iX, e,), e,) (.9(y(y, e,), e,)) - .9(5' (i", e,), 5'(Z, e,))) . (5.43) 

We assume that at a given point po, Vx = VY = Vz = Vej = 0. Thus, at po, 'VxY = -S{X, Y) 
= -^fxY - ^(fiyX + ^g{X,Y)'V(p, and similarly for the other vector fields. The following com- 
putations are computed at pq. 

d{g{X,Y)){Z) = -^zg{XX) (5.44) 
d{^x)iY) = Hessip{X,Y) - ifx^Y + h\\V<pfg{X,Y) (5.45) 

and since RiX, Y)^ = - Vx,f^ + ^y,x^i we have 

d{<i>xZW){Y) - d{^YZW)iX) = (5.46) 
= -2ipY^xZW + 2ipx^YZW+gi(i>-^{R{X, Y)<P){Z), W) 

-^ipzg{^-^d'i>{X, Y),W) + ^g{Y, Z)^x^^W - \g[X, Z)^y^H=W 

Vx'I'lZ), Vy$(H^)) - 5($-iVf«'(Z), «>-i Vx$(Vy)) 
-\>^w^xZY + \g{Y, W)^xZVip + \^w^yZX - ^g{X, W)^yZV^. 

Applying eqs (5.44), (5.45), (5.46) and (5.17) we get 

(5.42) = e j:,j-y{S'{X,ei),ej){VY{{S'{Z),e,Aej)^)-Vz{{S'{Y),eiAe,)^)) 

X,Y,Z ■' 

= & Eij -\g{S'{X,ei),ej){VY{9{S'{Z,e,),ej) - Vz{g{S'{Y,ei),ej)) 

X,Y,Z 

= & E^.-ii'^xtJ ~ kS^J^x - ^V^g{X,eJ) + lg{X,e,)^j)- (5.47) 

X,Y, Z 

•( - 2^y$z«,7 + 2^z'i>Yt3 + g{^-HR{Z,Y)<i>){e,),ej) (5.48) 

-i<^,,g($-irf$(Z, y), e,) + ig(y, e,)*zV</.j - y{Z, e,)*y V</..? (5.49) 

Vz$(e,), Vy$(e^.)) - 5('i>"' Vy<i>(e,), <i>-'Vz<^{e,)) (5.50) 

-^iPj^ziY + |g(y, ej)'i>ziVip + IVj^yiZ - ^^(Z, ej)$y«V^ ) (5.51) 

- i5(5'(^, ei), Cj) ■ ( - Hess^ + 2d(^ ® - i|| V<^f 5) • g{Y, Z, a, ej) (5.52) 
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(5.47) + . . . + (5.51) 



^ HtM'Py^xij'^zii - Ivz^xij^Yij) (5.53) 

X,Y,Z 



+ ^ -\{^-^R{Z,Y)^,^-^Vx^) + \{^-^VxH^^),^-^d^{Z,Y)) (5.54) 

X, Y, Z 

+ & -i($-iVx$(n,*"'Vz$(V(^)) + |($-iVx$(^),$-'Vr$(V<^)) (5.55) 

X, Y, Z 

+ & E», -3*xU-.9($^'Vz$(e.),$-iVy$(ej)) + i^xu' .g($-^ Vy $(e,), Vz$(ej)) 

X,Y, Z 

+ & J2i ^^xi'^'P^ziY - i$jf«r$z«V^ - i$x«V¥'$F«-Z' + |$jfi2'$riV(<c (5.56) 

X,Y, Z 

+ -i<^y$zV<^X + iv'z*rV(pX + iv.r$z^V<i?-^<i?z$FXV<^ (5.57) 

X, Y, Z 

+ & +lg{^-HRiZ,Y)^){Vip),X) - y{^-\R{Z,Y)^){X),Vip) 

X, Y, Z 

+ & ^UV^rg{<^-'dHZ,Y),X) + ^ipx9i^-'d^Z,Y),W^) 

X,Y, Z 



+ ^ +^^Y^zV^X - ^^z^yV^X - ^g{Y, X)^zy^V<p + ^g{Z, X)$y V^V^ (5.58) 

X,Y, Z 

+ ^ i5(^"'Vz$(V<^),$-iVr$(X))- iff($-iVy$(V^),$-iVz$(X)) (5.59) 

X, Y, Z 

+ -|ff($-iVz$(X),$-^Vr$(V<p)) + |ff($-iVr$(X),$-iVz$(V^)) (5.60) 

X, Y, Z 

+ -^v'x$zVv5r+ 3^g(r,X)$zV<^V(^ + l^<P;f$YV(pZ- j^5(Z,X)$rV^V^(5.61) 

+ S3 ^\\S/^\\^^zXY-^^Y^zXVip-^\\V^f^YXZ+^ipz^YXV>fi. (5.62) 

x,y, z 

Note that by (5.29), (5.53) = 0, and the second term of (5.54) is equal to (5.55) = (5.59) = (5.60). 
We also have using (5.14)(5.16) 

(5.56) = & E^ K-^xV^z + ipx^^){<^>z^Y - <^yiZ) 

X, Y, Z 

-^{-^xYi + (pxg{i, F))(-*zViy9i + ipzVi) + l{-^xZi + ipxgii, .^))(-$rV<pi + ifYVi) 
= ^ -lg{^-'Vx<^{V^),<^-'d^Y,Z)) + yx9{^-'d^Y,Z),V^) 

''''''^-i5($-iVx*(l^),*-^Vz$(V¥5)) + i5($-iVx*(^),*-^Vr$(V^)) 

+l<pz{-^xVipY + ^xYVip) + l<pY{^xVipZ - ^xZVip) + ^fxi^zVipY - ^Y^ipZ) 

= © -~lg{^-'Vx^V<p),^-'d^Y,Z)) + l<pxg{^-'d^Y,Z),Vip) 

X, Y, Z 

+ & +yz{-^xV^Y + ^xYV^) + yYi^xVvZ-^xZVv) + yxi^-^d^{Y,Z),Vip). 

X, Y, Z 
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And using again (5.16) 

(5.57) + (5.58) + (5.61) + (5.62) = 

X, Y, Z 

+ & ^^x{-^z'VipY + ^YVipZ) + ±\\Vipfg{^-'d^Y,Z),X) 

X, Y, Z 

= ^ ^'Pri - ^x^^Z - g{^-^d^{X, Z), V<f) - g{^zX-^xZ, V<f) + g{^-^d^Z, X), V^) + ^xZV<p) 

X, Y, Z 

+ (^ ^^ipzi^xV^pY + g{^-^d^X, y), V^) + giipyX-ipxY, V^) - g{^-^d^Y, X), Vif) - ^xYVip) 

X, Y, Z 

+ ^ ^^vx{-^z^^Y + ^Y^^z) + ^||Vv||25(x, $-id$(y, Z)) 

X, Y, Z 

= ^ fg^Y{^xVipZ + ^xZVip) + lipYg{^-^d^Z,X),V<fi) + ^<fiz{^xVipY -^xYV<fi) 

X, Y, Z 

+ & l^z9i<^-^d^X, Y), Vifi) + ^ifixi^-^d^Z, Y), V^) + ^\\V^\\^giX, <^-^d^Y, Z)) 

X, Y, Z 

= © ^y:>Y{-^xVipZ + ^xZV^) + ^ipz{'^xVipY-^xYVip) 

X, Y, Z 

+ © +%^x{^-H^{Y,Z),Vv) + ^\\Vipfg{X,^-H^{Y,Z)). 

X, Y, Z 

Thus, 

(5.47) + ... + (5.51) = 

= © -i($"^i?(^,y)$,*"^Vx$) + 5($"^Vx$(V95),$-i(i$(z,r)) 

X, Y, Z 

+ © Y.u\{^xi3-^x3i)9{^-^^Y^{ei),^-^^z^{ej)) 

X, Y, Z 

+ © -\g{^-^Vx^{'\7^),^-^d^{Y,Z)) + yxg{^-^d^{Y,Z),V<fi) 

X, Y, Z 

+ © +lvz{-^xVipY + ^xYVip) + l<fiY{^xV<pZ - ^xZVif) + ^xgi^'^d^iY, Z), V<p) 

X, Y, Z 

+ © +y{^-HRiZ,Y)<P){Vip),X) - yi<p-HR{Z,Y)^){X),Vip) 

X, Y, Z 

+ © -W^^rg{^-'d^z,Y),x) + ^^xg{^-^d^{z,Y),Wip) 

X, Y, Z 

+ & ^^Y{-^xVipZ + ^xZV<f) + ^ipz{^xVipY-^xYV^) 

X, Y, Z 

+ © ^^xg{^-'d<i>{Y,Z),W^) + ^\\Wv\\'g{X,^-^d^Y,Z)) 

X, Y, Z 

= ^ -i($-i(i?(z,r)$),$-iVx*)-f($-^Vx^&(V<p),$-ic/$(F,z)) 

X, Y, Z 

+ & Tii zi^xij - $xii)5(*-'Vy$(ei),$-iVz$(e,)) + lipxg{^-H^{Y,Z),V^) 

X, Y, Z 

+ +y{^-HRiY,Z)^)X,Wv)-l\\Wvfgi^-^d^Z,Y),X) 

X, Y, Z 

+ ^>PY{-<^x'^^Z + '^>xZV<f) + ^>pz{<^x^^Y -^xYV^}. (5.63) 

X, Y, Z 

Now, 

(5.63) = ^ ^ipY{^xZVip-ipx^z + ^xZVip) + ^^zi-^xYWip + ipxVY-^xYVip) 

X, Y, Z 

= ^ l^Y<^xZy^-l^z^xYyif= ^ -l^xgi'^>-^d<i>{Y,Z),V^). 

X, Y, Z X,Y,Z 
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Finally using Lemma 5.5 with (f) = hi~ 4 9 + h'^'f ^ dip — Hessip) 
(5.52)+ © j:ijh9{S'{X,ei),ej)<p»g{Y,Z,ei,ej)= ^ -l{Hessip + d>fi (3 dip){X,^-^d^Y, Z)). 

X, Y, Z X,Y,Z 

(5.64) 

Therefore from (5.41), (5.42), (5.43), and Lemma 5.6 

= & E^-hR^iY, Z, Vx$(ei), et) + (5.47) + (5.48) + (5.49) + (5.50) + (5.51) + (5.43) + (5.64) 

X, Y, Z 

= & J:^-lR''{y,z,^-'Vx^e,),e^)-l{^-^Riz,Y)'P,'^>-^Vx'^>) 

X, Y, Z 

+ © -f($-iVx$(V^),$-id*(y,Z))+Ey i(*xij-*xii)5(*-'Vy$(ei),$-iVz$(e,)) 

X, Y, Z 

+ <^ +|^x5(*-^rf$(l',^),Vv) + i5(*-i(E(F,Z)$)(X),V<p)- i||V^||V*-irf$(Z,y),X) 

X, Y, Z 

+ ^ -\Hess <p(X, $-id$(y, Z)) - yxg{^-^d^{Y, Z), V<^) 

X, Y, Z 

+ © E„ -\{^xij - ^xji) ff($-Wy$(e,), $-iVz$(e,)) + iff($-i Vx$(V(^), ^-^d^{Y, Z)) 

X,Y,Z 

+ ^ -\ipx9{^-'d^Y,Z),yp)-\\\Wipfg{X,^-H^{Y,Z)) 

X, Y, Z 

= S3 Ei -hR^'iy, Z, Vx$(ei), Bi) - \{^-^R{Z, F)$, $-1 Vx*) + \g{^-\R{Y, Z)^){X), V^p) 

X, Y, Z 

+ ^ -i($-iVx$(Vvp),$-^rf$(y,Z))+Ey ^($xii-$xii)fl(^"'Vy$(ei),$-iVz$(e,-)) 

X,Y,Z 

+ ^ +\px9{<^-^d<^{Y,Z),V^)-\Hessp{X,^-^d^{Y,Z)). 

X, Y, Z 

Note that 

-{^-^R{Z, y)$, $-1 Vx$) = 5(3'~'^^(y, ^)$(ei), Vx$(e.)) - ^)ei, Vx$(e.))- 

Wehave 5($-i(^(y,Z)$)(X), Vy^) = (J) 5($-i(i?-L(y,Z)$(X)),Vvj), for i?^ satisfies Bianchi 

X, Y, Z X,Y,Z 

equality, and recall that © ^-\R^{Y, Z)^{X)) = -^-'^d^^X,Y, Z). Now, 

X, Y, Z 

& E.,(*Jf«J-*XjO,9($-iVy$(60,$-Wz$(ej)) = 

X,Y,Z 

= ^ ($-1 Vr«>, ($-^ Vz$) o ($-1 Vx$)) - Wy$) o ($-1 Vx$), Wz$) 
= © ($-1 Vx$, ($-1 Vr$) o ($-1 Vz$) - ($-iVz$) o ($-iVr$)). 

X, Y, Z 

Thus 

(5'A(i?-id5'-i(5')2))5(X,y,Z) = 

= i($-ii?^(y,z)$ + i?^(y,z),$-iVx$) + i5(i'-i(i?^(F,z)$(x)),v<^) 
+ & -i5(*-iVx$(Vv),$-id$(y,z)) + ^($-iVx$,[$-^Vr$,$-iVz$]) 

X, y, z 

+ ^ +^{dp<»d<fi- Hessip){X,<^>-^d<P{Y,Z)). 

X, Y, Z 
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Using (5.13) 

& g{^-'Vx^V<fi), $-irf$(F, Z)) = ^ -g{^-'Vx^^-'d^Y, Z)), V<fi) + ipxg{^-'d^Y, Z), V^) 

X, Y, Z X,Y, Z 

with <pxg{'^~^d<^{Y,Z),V'p) = {d(p(^difi){X,<^-^d'^{Y,Z)). Since Vx$"^ = -$-HVx$)$"\ we 
have 

Y, Z) = -d($-id$)(X, Y,Z)+ ^ -$-iVx«'(*"^rf$(l', Z)). 

X, Y, Z 

Since 6(#(i?-'-)) = — ^"^d^^ we obtain 
© 5(*-i(i?^(r,Z)$(X)),V^) = -ff(rf($-id$)(X,y,Z),V¥')- 5(^-1 Vx$($-M$(i^,^)),v^) = 

X, Y, Z X,Y, Z 

= -g{d{<S?-^d<^)(X,Y,Z),W(p) + g{^-^Vx<^iy'p),'^'^d'S>{Y,Z))-{dip(g)dip){X,<^>-^d^{Y,Z)) 

X, Y, Z 

Thus, 

(5' A {R^ - idS' - US' f))g{X, Y, Z) = (5.65) 

= ^ ^{^-^R^iY,Z) + R^{Y,Z),^-^Vx^)-\g{d{<i-'d^){X,Y,Z),V^) (5.66) 

X, Y, Z 

+ © j^($-iVx$,[$-^Vr$,$-iVz$])-ii/ess(^(X,$-irf$(y,Z)). (5.67) 

X, Y, Z 

Finally d{g{^-'^d^-, •), V<fi)) {X, Y, Z) = g{d{^-'^d^){X, Y, Z), V<p) + ^ Hess ip{X, ^-^d^Y, Z)) 

X, Y, Z 

what proves the Proposition. □ 

Proposition 5.6. If F : M ^ N is a non-J -holomorphic Cayley submanifold and N is Ricci- 
flat then (1.6) - (1.7) holds. 

Proof. To prove (1.6) we note that from (1.5) and (5.1) and Corollary 5.1 

pii/CNM) = pii/^TM) + 4{X{M) - X{NM)) = pi{t\_TM) + 2{pi{NM) - pi{M)). 

Since R'{X,Y,Z,W) = R^{X,Y,^{Z),^{W)) and $ : {TM,g,W) {NM,gy^) is a parallel 
isometry along M ^ C, then on this open set pi{NM) = pi{R-^) = pi{R'), as forms defined 
by the formulas (5.3). Prom (5.11), Proposition 5.5, and that d{d{g{^~^d^{-,-),V'p))) = we 
obtain (1.6)-(1.7). □ 

Proposition 5.7. If{Y,Z) g{VxHY),^{Z)) is symmetric then pi{t\_N M) =pi{t\_TM). 

Proof. From Proposition 5.2, R^{X, Y, <1>(Z), <^(W)) = R^'^{X, Y, Z, W) and so the characteristic 
classes induced by {R^,g) are the same has the ones induced by {R^,g). We could also check 
directly from ^aBC = \(pAg{B, C) that all terms of 77 in (1.6) i.e (5.38)-(5.39) vanish. □. 
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5.4 Homogeneous complex points 

Let us assume that F : M ^ is a compact Cayley submanifold, and let r] be the 3-form 
on M ~ C defined as in (1.7). Since C is the zero set of sin^^, that has only zeros of finite 
order, this set as some regularity. Indeed, by the Malgrange's preparation theorem for smooth 
functions with zeros of finite order, locally we can find a coordinate chart x = (x',X4) onto an 
open set U of M'^ such that sin^ 6 can be written as /i(x)( So<a<fc-i Wa{x')x2 + x^), where h 
never vanish on U and Wa vanish of order A; — a at 0. Thus, the zero set of sinO can be locally 
parametrised as E = {x = {x',X4,) : X]o<a<fc-i ^«(^')^4 + x'l = 0}. This set represents the 
zeros of a polinomial function on the variable X4, with coeficients on the variable x', so it is, in 
general, still quite complicate to handle. A simpler case is when we have a polinomial function 
of the type (x^^^ + . . . + x|)'^' = 0, as is it is the case with /c' = 1, of x a Farmi coordinate chart 
of a submanifold S of dimension d. 

Assume now / is a nonnegative continuous function defined on a open set V of M containing 
S = /~^(0) and smooth on y ~ S. For each e > sufficiently small define 

V7(S, e) = {qeM: f{q) < e}, C/(S, e) = {q e M : f{q) = e} 

For a dense set of regular values e, C/(S,e) is a smooth hypersurface and is the boundary 
of d(V/(S,e)) and for each q E C/(S,€), TqCf{T,,e) = [V/(g)]"'". If the decreasing sequence 
dM(^/(S, e)) converges to when e — > 0, where du is the Lebesgue measure of M, then 

/ d(r/($)) = lim / d(r/($)) = - lim / r?($). (5.68) 

In case of S is a smooth hypersurface of M, f is smooth on V, and V/ does not vanish 
on S, then for e sufficiently small, Cj(S,e) is connected, diffeomorphic to S, and converges (in 
the Lebesgue sense) to S and M ~ VfC^, e) to M when e ^ 0. To see this let p : M ^ [0, 1] 
be a smooth map s.t. p values 1 on Vj(S,2r) and zero away from Vj(S,3r) for r sufficiently 
small, and let .^f : M — > M be the one parameter family of diffeomorphisms generated by the 
vector field globally defined on M, Xf = p-^^^-^. Then, there exist eo,6 > such that V|t| < eo 

and F/(S,<5), Ct{q) G Vf{^,2r), and so §-J{Uq)) = df{Uq)){^^^t{q)) = 1 (.19 ). That is 
fi^tiq)) = t + f{Uq)) = t + f{q). In particular VO <e< eg, P G S, and q G C/(S, e), f{Up)) = e 
and /(^_e(g)) = 0. This means that 1 2 :S^C/($],e) is a diffeomorphism with inverse Let 
?9(e) and i?(e) be the coefficients of dilatation of and £,e\T,- From io{q) = q-, ^q, we easily see that 
both ?9(e)((;) — > 1, '!?(e)(p) — > 1, when e— >0. Moreover if r]{^) can be defined as an L^-form along 
S, then (5.68) = — J^; vi^)- Unfortunately the case S a hypersurface is the least interesting, for, 
non J-complex Cayley submanifolds of cannot have C as an analytic hypersurface |12j . 



A key example is of / = o" the intrinsic distance function to a smooth submanifold S of 
dimension d, a{q) = d{q,T,) = infpgs d((7,p). In this case, V/ is not well defined at each point 
p £ T,, but ||V/|| = 1, everywhere. In fact V/ it is multivalued, with sublimits all unit normal 
vectors to S in M. Nevertheless the flow can be smoothly extended to S, in all directions of 
TpTj-^. We explain as follows. Let NT, denote the total space of the normal bundle of S in TM 
and iV^S the spherical subbundle of the unit orthogonal vectors. For each e > let 

G, = {{p,w) £NT:p£T,w£ TpJ:^,\\w\\ < e}, Q = {{p,w) £NT:p£T,w£ TpT^,\\w\\ = e}. 
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For < e < eo, with eo sufficiently small, the restriction of the exponential map of M, exp : 
Gf. — > M, exp{p,w) = expp{w) defines a diffeomorphism onto Va{T,,e) and exp{Ce) = Co-(S,e) 
is its boundary. For each w G TpS"*-, ^{p^w){^) = expp{ew) is the geodesic normal to S, start- 
ing at p with initial velocity w G TpS"*-. Thus, s{p,w) := a{exp{p,w)) = \\w\\, is just the 
Euclidean norm in TpE"*". Since NT, is the total space of a Riemannian vector bundle, then 
it has a natural Riemannian structure such that vr : NT ^ S is a Riemannian submer- 
sion. The volume element VoIni: for such metric satisfies Vol]\fsip,w) = Vol^{p) A ds{p,w) 
and Volc^{p,w) = Volj:{p) A Vols(^p^^-j{w), where e = and S{p,e) is the sphere of TpS-*- 

of radius e. For each u G N^Tp, '!?(p,u)(e) = {Volj\^j]{p, eu), exp*VolM{p, ^u)) is the coeffi- 
cient of dilatation that measures the volume distortion by exp in the direction u. It satisfies 
'i?(p_„)(0) = 1. We recall the following (see [H]): (1) ^{q) = V(T(g) is the unit outward of C(S, e), 
(2) i^(7(p,u)(e)) = 7|p„)(e)) (3) ds A *ds and da A *(i(T are the volume elements of NT and M 
respectively. (4) *ds and *d(T are the volume elements of each hypersurface of NT and 
C(5],e) of M respectively, and exp*{*da){p,'w) = '!?{p,H)(e)(*(is)(p, w), where e = The set 

of sublimits of Vo" at a point p G S is the entire sphere S{p, 1) of TpT-^ and by (1) and (2) for 
each u G N^T, 7(p,u)(t) is an integral curve of Vu smoothly extended at t = by p and initial 
velocity u. The map ^ : NT V, ^{p,tu) = 7(p,M)(^)) can be seen as the flow of V<t, a vector 
field multivalued at T. 

This example motivates the following. We consider functions / : F — > M[j^ satisfying the follow- 
ing conditions (E-1) and (E-2), that generalizes the case of / = cr. Let Xf = n^^jp and T a 
smooth closed submanifold of dimension d. 

(E-1) f is a nonnegative continuous function with zero set T, smooth on V ^ T and with 
||V/|| defined \/p ^ T, giving a positive function of class on M, and such that {u G 
TpM : u is a sublimit of y^j^ at p } = N^Tp. 

Set for p £ T, c{p) = lim^^p ||V/(g)|| > 0. We are considering the sublimits defined through 
orthogonal curves to T, p : [0,1] M, such that p(]0, 1]) C V ^ T and /?(0) G S, and exist 
u = lim(_»o ||v/|| (pi^)) ^ N^Tp. The set ETp = {-^ '■ u G N^Tp} is just the set of sublimits of 
Xf at p. An integral curve 7 :]0, V ^ T of Xf has an end point at converging to T with 
initial velocity where u G NT'p, if 3 lim^^o+ 7(0 — P ^ li™t-^o+ 7'(0 — 

(E-2) Xf has an extensible flow to T, i.e \/{p,u) G N'^T there exist a C^^^ curve 7(p,«)(t), 
defined Vt G [0, to]; smooth for t > 0, that satisfies: 

(a) fort > 0, 7(p,«)(*) is an integral curve of Xf onVr^T, and7(p^„)(0) = p, 7(p,„)(0) = 

(6) The flow at T, : NT — > V, defined for {p,w) with \\w\\ < to, by (,{p,0) = p, i{p-,w) = 

7(pu)(e), where u = and e = \\w\\, is a diffeomorphism of class (7^+-"^. 

So we have for < e < t^, : ^ Cf{T,e). The coefficient of dilatation of ^ at {p,eu), 
'&{p,u)ie) = {VolNsip,eu),{^*VolM)ip,eu)), satisfies ■!9(p,„)(0) = ^^^^Vd , as we will see below. 

The volume element of Cf{T, e) is , for is the outward unit. Since |j^y|y A |j^y|y is the 

volume element of M and C{]^){p,(^u){0,u) = yv/Sp.et)!! = ||v/(g(p,.it))|| ' ^^^"^ T(^p,eu)Ce 
^^^^ ||V/(p,€m)|| ^*(W/II-'^^' ^ ^(p,«)(e)^o/c, = ??(p,„)(e) * ds. Therefore, t?(p,„)(e) := 
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||V/(^(p, eii))||i?(p^y)(e) is the coefficient of dilatation of ^ restricted to Ce, and lime_>o '!?(p,u) (e) = 
c(p)<^-3. 

From (E-2) we have a coordinate system of class C^'^^ of Farmi-type. Let O be an open set 
of S where a coordinate system exist and a d.o.n. frame E^+i, . . . ,E4 of NT,. Then for each 
w G ATSp, u; = J2d+i<i<4^i^i(P)- Define on V' the image by ^ of the restriction to O, 

x: V ^ NT 

i{p,w) {P,Y.d+i<i<A'tiEi{p)) {yip),td+i,---,t4) 

Thus, for q = ^{p,eu) G C/(S,e), \\u{p)\\ = 1, u{p) = Y.i+d<i<4Mp)^i{p) 

f yi<d 

n^<.^f(n\(R f)\ - I -^s>d+i'^iji(l)us{p) ifi<dovj<d 

HessficiMA) - [iis,,-u,(p)u,{p))-j:s>d^,r!^iM) ifi,j>i + d (^-^^^ 

In fact for s < fi, it is defined a tensor G (7^"''(7r"i (g)"" TM*), where vr : iV^S ^ O C S, and 
s.t. 31im,^oe*-^V4_a^^/(?(p,e«)) =: T^{p,u)idi,ip), . . . ,di^ip)) where Vx/ = 

Vi,...,x,/ = Vx.(Vi;_\,...,^,/) - E.-.,.,.VJ- ^ ^^^^^^^ _^^/. (5.71) 

Recall that T^p^g)-^^ = ^ ^p^"*"; and from ^(p, 0) = 7(p,u)(0) = p wc get G TpS, 
dS,{p,o){X,0) = X. Now, if 7^ G TpS-*-, the curve r(s) = ^{p,sh) = 7(p _h_)(||/i||s) satisfies 

r'(0) = d^(p,o)(0,/i) = ||/i||7;p^j^)(0) = 4). Thus, ^^(^,0) (X, /i) = ^ + ^y, and so z?(p,„)(0) = 

(c(p))'^~^. So we conclude: 

Proposition 5.8. If a continuous function f satisfies (E-1) and (E-2) then for each p G S there 
exist a C'-''^^ coordinate chart x of M, adapted to T,, and such that f^ = x'^_^^ + . . .-\-x\ and for 
i>d+l, Ei{p) = c{p)-£^(p) is an o.n. basis ofTpT,-^. 



From now on we assume sin 6 = f ' , with S = / ^ = C and f satisfying conditions (E-1) 
and (E-2), with // > r + 1. Set 4> = = Then $ is an isometry and = S := n§|y. 

Using a C^'^^ coordinate chart with n > r, ^ has a zero of order r at iff and 

does not converge to when x ^ 0, in other words, $ ( or cquivalcntly ||<&||) is an 0(||2;||'"). This 
is equivalent to D^^{0) = Vs < r — 1 and D^'^{0) / 0. Thus, at all points p G S, r is the order 
of the zero of $ at p. Fix p G S and y a coordinate system of S with y{p) = 0, and consider x the 
corresponding Farmi coordinate system. Let V" = x{V') open set of and dx~^ : My// — TV", 
and an isomorphism r : NV" Ry„ . Then P = to o d{x-^) : V" L(M^; R^) has at a 
zero of order r. Thus, for v sufficiently close to 

p(y) = }-D'-p(0)(vY + r ^^—-^D'-+'^P(tv)(vY+'^dt (5.72) 
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where P{0){vY = Tp o ^(^d{x-'^){o){v)Y^iP) ° d{x~^){0). This term does not vanish for some 
V. If we take u = X]j>d+i tj-Ej G N^^p, e small enough, and v = (0, ei^+i, . . . , 6*4), then 
x~^{sv) = 7(p,u)(se) and so d{x~^){tv){v) = e7(p d{x'~^){0){v) = ec{p)~^u. Therefore 



eu 



(5.73) 



e^)) = fT^^^(i,e„) ° o da; ^(O) o dx{i{p, eu)) of class (7/^ 

for some Q of class C^^~^ . Let V^^^ Xi^(p) be defined as (5.71). 
Lemma 5.7. VXj G TpS, V£^. .^Xi^(i') = 0- 

Proof. If X is a vector of TpS, we can assume X{p) = 7'(0) for some curve 7(t) on S. Then 
Vx^(p) = Va7~^^*(0). But 7~^$ is constantly equal to 0. So if X is a vector field of S, Vx^ 

dt 

vanish along S. Moreover, ...Xi^{p) — for any s < r — 1 and Xj G TpM. If r > 2 and 
X, y G TpS, we extend X to a vector field along S, and so, ^y,x^{p) — Vy(Vx^)(p) = 0, 
that is Vyx^ vanish along S. This implies that if r > 3, for X,Y,Z vector fields of S, 
V|,y,x*(p) = Vz(Vy_x*)(p) = 0- The same for any r. □ 

A tensor ? in C°^(XS* (r*S ® A^S)) is defined by: if n G TpS^, X G TpS then ?(n)(X) = 
(VuX)-*-, where X is any vector field of M with Xp = X. 

Proposition 5.9. y{p,u) G X^S, 3 lim^^o ^*(C(P; e^^)) = r!e(p)^ ^«''^(^) ~- "^(P'^)' ^-^ '^'^ isom- 
eiry. Moreover ^X G TpS, G TpM , V^^_,,...,y,,xHp) = ^y^.,,...,y.,x,y^+^,...,yMp) = ^' 

v;.(Vx$) = v:.+i$(p) + rv;;-i,,(,)(x)$. 

Proof. ^^^^^P'^^^^ = |)(^(p, eti) is an isometry. By (5.73), making e ^ we conclude that 
Vu G X^Ep, T(p, It) = ^i^^^y. V„r$(j>) is an isometry. Extend X to a local section of TS, and 
then extend X and to local sections of TM. Recall that vanish along S, Vs < r — 1. 
Then Vx(V^^:^^^ y^$)(p) = 0, and 

= Vx(vg:;;...,^^$)(rt=Vx(Vy,_,(vj::,',L,y,*))(p) 

= Vy,_,(Vx(v£-'^..,y^$))(p) + ^(y.-i,x)(V^;-'^..,y,<&(p^ 

= Vy,_,(Vx(V^:-'J..,y^$))(p) = Vy._,(Vx(Vy,_,(V^::3'i.,^^<J>)))(p) 

= Vy._,(Vy,_,(Vx(V^::3'^..,^^$)) + ^(y._2,x)(vir:3'^..^ 

= Vy,_, ( Vy,_, (Vx(Vi::3'?...,^^ $))) (p) + ^(y _2, X)(Vy,_, {V^-X...,Y,m)) 
= ^Y.-.{^Y.-A^xi^^Zl.,Y.mP) 

and successively, = Vx(V^;;:^'^)...^^^<l>)(p) = VIy^_^,...,yMp) = ^Y~-t..Ys.xy.+^ Y,'^(P) = 

V;,_,,...,y,(Vx$)(p) = "^y-u-XuxHp)- Thus, if r = 2 then V^,{Vx<f)ip) = V'^.^^Hp) + 
2VV.x'^*(^)' VV^^$(p) = VI^^^^^Mp) = K.iu)ix)m- The proof for r > 3 is 
similar, slightly more complicate. □ 
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Proposition 5.10. \/X vector field on M and \/{p,u) G N^E, set X"*-" = Xp - g{Xp,u)u. 
Then 31im,^oeVx^'(^(p,en)) = V;.-i^^x„^(p) =: If d > 1 and 

Xp € TpS and for q near p, X{q)±Vf{q) then 3 lim,^o Vxi(C(p, eu)) = f!^(V;;+]^$(p) + 

^V:.-i,,(,)(^)^>(p)) =: G{p,u){Xp). 

Proof. There exist some Q of class C^"*""^, s.t. 



Thus 



\im eVxH^ip,eu)) = hm e-'-+^Vx$(e(p, e^)) - r5(V/(^(p, en)), X)<D(^(p, e«)) 

e— »0 e— >0 

= lim B{X,^{p,eu)) + eQ{^{p,eu)) - rg{Vf{^{p,€u)),X)^{^{p,eu)) 

e— ♦O 



If G TpS then by Prop. 5.9, B{X,£,{p,eu)) = 0, and Vx^{^{p,eu)) = e''Q{^{p,eu)), and 
lime_oQ(C(P,e«)) = ;q^V;r(Vx^)(p). Set X = where i < d. By (5.69) those vector 
fields span exactly the ones that are orthogonal to V/ at ^{p,€u). Note that Xp = -§^{p)- 
Hence, by Prop.5.9, lim,_o Vx5>(C(p, e?^)) = lini,_»o e~''Vx$(C(i>, eu)) = :^:^Vlr{Vx'^)\p) = 
G{p,u){Xp). □ 

Therefore if XpJ-u, 

\ime^-'VxH^{p,eu)) = t(p, u)-i*(p, «)(Xp) = rc(^>)(v;.$(p))~o (v;(._i)^;,$(p)) , (5.75) 
and if X € TpT, and X(g)±V/(g) for q near p, 

lim$-Vx4>(C(p,eu)) = f{p,ur^G{p,u){Xp) = (v:.$(p))"o(v;.+i$(p) + rV;.-i,,(„)(x)<I>(p) 

(5.76) 

We can write = sin0<l> where $ : TAf ^ NM is an isometry, away from S. More generally. 

Lemma 5.8. // V is an open set containing S, and on V ^ $ = C^'^, where ^ is a section 
of TM* (gi NM defined on F ~ S and ( : V ^ H —>■ some function , then where C, and 4> are 
differentiable and do not vanish, ri{^) = ??($) 

Proof. $ : TM NM is a conformal morphism. So (5.13) holds for $ with (f = log( " ^' ). and 
$-iVx^ = rf3!logC(X)/dTM + $"^Vx$ 

= (^''ciS^, (i($-id$) = d{^-^d^) 



Salavessa-Pereira do Vale 



38 



The last two equalities are proved using the symmetry of Hess log Now 

{IdTM, HR^){Y, Z)) = EiC-'h-'gme.),R^{Y, Z)(|.(e,))) = 0, 
{IdTM, R'^iY, Z)) = j:^g{e,,R^^Y, Z)(e,)) = 0, 
[{rdlogC{-)IdTM + ^~^'^^),{rdlogC{-)Id + ^-^V^)] = [i-^Vi, i-^Vi]. 

Thus, r/($) = rj{%) - ^{{dC{-)IdTM) A [4>-iVl>, $-^V$]). Moreover 

{{dC{-)IdTM) A [^-^V^,^-^V^]){X,Y,Z) = 

X, Y, Z 

= ^ Ei Cx5(ei, 4-'Vy4>(i-^Vz4(e,))) - Cx9{ei, Vz^C*"^ Vy$)) 

X, Y, Z 

= 03 Ei -Cx9{^-'VYHei),^~'^zHei)))+Cx<PY9{ei,^-^WzHei)) 

X, Y, Z 

© Ei +Cx54>-'Vzl>(ei),*-'Vy$(ei)))-Cx^z5(ei,^"'Vy4'(ei)) 

X, Y, Z 

= '^Cx'PY'PZ - '^Cx'PZ'PY = 

Thus, r]{^) = r]{^). □. 

Proo/ o/ Corollary 1.1. For simplicity of notation we assume Sj = E. By (1.6) of Theorem 1.1 
and by Lemma 5.8 we have 

pi{l\^_NM)[M]-pi{l^_TM)[M]= f dr/($) = -lim / 7?($) = - lim / r/($) 
Now 

/ [ TJ7Tf2{v{m),*df{q))*dfiq)= [ f (^=^(77($), * d/) (p, w;) 

J Cf {!:,€) Jc{T,,e) liv/r liv/r 

11^.../ ^\{r]{^){i{p,w)),*df{i{p,w)))){}(p^^){e){*ds){p,w) 

||V/(g(p,e^))|| ^'"))' g^))) = »7(^')(^(P,e^^))(e2,e3,e4), whereci G %p,g„))C/(i;, e) 

is a d.o.n. frame. We take e\ := ^^ff^'^eu)\\ outward unit of C/(S,e) at ^{p,eu), and so 
62 A 63 A 64 = \^vf{i(^,eum ' giving 6^ a d.o.n. basis of T^(p,e„)M. Then 

But ^^(C(p,eu)) = 7(p,„)(e) where 7(p,«)(e) = ^{P,eu). Then |*v/(gfcr))il converges to *u 
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when e — > 0. Recall that ^{p,u){0) = ^^^p^i-d ■ Now, from Propositions 5.9 and 5.10, 

if d = 2 lime(<l"^V$(C(p,en)) A {^{R^) + R^"^){C{p, eu))) = 

= {fip,u)-'^ip,u) A {fip,u)iR^{p))+R''{p))) 

if d = lim e^{^-^V^{^(p, en)) A [^"^V$(e(p, eu)), ^-^V^{C{p, eu))]) = 

= {f{p, u)-^^{p, u) A [f{p, u)-^^{p, u), f{p, u)-^^{p, u)]) 

Now if d > 1, ||v/(|p'!S)|| = X1AX2AX3 with Xi±Vf{aP,eu). By (5.69), we may take 
Xi, . . . , Xfi an o.n. basis of span{di,i < d}. Note that for i < d, lime_>o di{£,{p, eu)) = -^(p) G 
TpS. This implies by Prop. 5.9, if d = 3 

lime3-'^(|.-iVl>(e(p,en)) A [^-^VmP,^u)),^-'VmP,eu))]){^^^^^) = 

= (T(p, n)-i(5(p, u) A [T(p, u)-'Gip, u),fip, u)-^G[p, u)]) 

If d = 2 or d = 1 we get similar expressions, noting for example that if d = 1, ^{p,u){Xi) = 
(see Prop. 5. 10), and so 

(G(p,u)(Xi),[^(p,n)(X2),^'(p,n)(X3)]) = (G'(p,n)A[§(p,n),5'(p,n)])(Xi,X2,X3). 

Using (5.73) and (5.74) we see that r]{^) = r](^) is bounded by an form on N^T,, and so we 
can apply the dominate convergence theorem to interchange / with lim^^o in (5.80), and the 
expression of Corollary 1.1 is proved □. 

Remark. For any symmetric tensor S £ C°^{TM* ®TM, (5 A [^>"^V^>, ^>"^V^>]) = 0. Thus the 
condition of (<i>"^V<i> A [<I)"^ V<i>, <I>~^V<I>]) = is a quite weaker condition then <I)~^Vx$ to be 
symmetric, for each vector field X. In this case, if 7^ 2 Vi then pi{f^_N M) = pi{f\^_TM). 



6 J-Kahler submanifolds 

Assume M is a Kahler submanifold of A^. If is a rank-4 Hermitian vector bundle over M 
with a complex structure and a unitary connection V , the curvature is J^-invariant. Let 
B = {Ei,E2 = El, E^, E4 = J^E^) be a local o.n. frame of E, and Ef defined as in 
(3.14), and H~ defined in the same way, but replacing E4 by —E4. Let ci{E) and C2{E) be the 
first and the second Chern classes of E. Then 

2ttci{E) = R^{E+) i?^(H+) = for s = 2,3. (6.1) 

C2{E) = X{E) pi{E) = -C2{E') = -2c2{E) + ci{E)^ (6.2) 

UE = TM we denote by J, Ei by e^, and Ef by A^. Then 27rci(M)(A, Y) = Ricci^^{JX, Y) = 
i?*^(A+, A A Y) = R^\X A y, A+). The first equation (6.1) implies that ci{E) = iff t\\E is 
flat. We also recall that (see e.g. jH]) 

X{E) = -L(||(^i^)+||2_||(^i^)+||2_||(^i.)-||2^||(^i.)-||2)^ (g^3) 
Pl{E) = 1 (||(ii^)+||2 + ||(i?i^)+||2_||(^i^)-||2_||(^i^)--||2)^„^^ (6,4) 
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Since M is Kahler , NM is a Hermitian vector bundle and V is a unitary connection, and 

F*ci{N) = ci{M) + ci{NM) F*C2{N) = C2{M) + ci{M) A ci{NM) + C2{NM){6.5) 

pi{M) + 2X{M) = ci{My pi{NM)+2X{NM)=ci{NMf (6.6) 

Pi{M)-2X{M)=ci{Mf -Ac2{M) pi{NM) - 2X{NM) = ci{NMf - Ac2{NM) (6.7) 

We define for U,V e NMp, X,Y e TpM 

Ricci^{U AY) = R^{A'l,U AV), Ricci±{X AY) = R^{X AY,Ef) = 2Trci{NM) (6.8) 

Lemma 6.1. If M is a Kdhler submanifold of N, then 

(1) i\\iR^)Xf - \\iR^)+f) = \Ricci^ ARicci^{Ei,E2,E^,Ei) 
{\\{R^)X\? - \\{R^)tf) = ^Ricci^ARicci,_iei,e2,es,ei). 

(2) pi(A+ NM) = -^Ricci^ A Ricci-^{Ei, E2, E3, E4) VoIm = ^Ricci± A Ricci±. 

(3) \\iR^)t\\ = ||(i?^);|| and ||(i?^-^^)+|| = || (i?^l^^)- 1| . 
// we replace R^ by R^^ the same equalities holds. 

Proof. (1) Using (6.1) 

AiWR^Xf - \\R^-\n = - iRU^t)f 

= {Ricci-^{E-l)Y - 2{Ricci-^{E^)Y - 2{Ricci^ {~.'^))^ - 2{Ricci-^{E^)Y 

= {Ricci^{Ei A JEi) + Ricci^{E3, JEs))^ - [Ricci^{Ei A JEi) - Ricci-^{E3 A JE^))^ 

-{Ricci^{Ei A E3) + Ricci^{JEi A JEa))^ - {Ricci-^{Ei A E4) + Ricci^{JEi A JEi)f 

= A{Ricci-^{Ei A JEi)Ricci-^{Es A JE3) - {Ricci^{E-^ A Es))^ - {Ricci{Ei A £^4))^) 

= 2{Ricci-^{Ei A JEi)Ricci^{Es A JE3) - Ricci^{Ei A Ei)Ricci^{E2 A E4) 
+Ricci^{Ei A Ei)Ricci^{E2 A £3)) 

= ARicci-^ A Ricci^ {Ei, E2, E3, E4) 

Similar for the second equality. Prom (6.3), (6.4), (1) and (5.1), pi(A+A^M) = 2^(||(-R-^) - 
||(i?-^)+|P )Vol = ^Ricci-^ARicci^{Ei,E2,E3, E^)Vol. But on the other hand by (6.7) and (6.8) 
Pi{/\1 NM) = cfiNM) = ^Ricci^ARicci±. Thus Ricci-^ ARicci^{Ei,E2, E3,Ei) = Ricci±_ A 
i?icci _L(ei, 62, 63, 64). So we have obtained (2). (3) Follows immediately from (1), (2) and that 

denoting by {1,2,3} = one has (i?^+)+ = e^/2(i?^)++, (R^'j)- = eV2{R^)-+, 

(i?^-)+ = eV2(i?^)+_, {R^^)- = eV2{R^)-_, where {a,b,c} is a permutation of {1,2,3} of 
signature e. □ 

Proposition 6.1. If M is a complex submanifold of N, and ci{N) = 0, then: 

(1) piiAlNM)=p,{AlTM). 

(2) pi{/\tNM)-pi{/C_TM) = A{-F*C2{N) + 2c2(M) - ci(M)2). 

(3) Ifci{M) = 0, then both f\\TM and f\\NM are flat and both f\^_TM and f\^_NM are 

anti- self- dual. Moreover, X{M) > (resp. X{NAI) > 0) with equality to zero iff M (resp. 
NM) is flat. Furthermore, F*C2{N)[M] > with equality to zero iff M and NM are flat. 
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Proof. From (6.5), if ci{N) = then ci(M) = -ci(iVM) and so by (6.6) pi(A+A^M) = 
j9i(A+rM). Nowpi(A?_ A^M)-pi(A?_rM) = -4A'(A^M) + 4A'(M) = -4(c2(A^M) + 4c2(M). 
(6.5) gives the first equahty in (2). Now we assume ci(M) = 0. Since = F*ci{N) = ci(M) + 
ci(iVM) along M, then ci{NM) = 0, and both /\^_^TM and /\^_^NM are flat. By Lemma 
6.1(3) {R^-^'^^)+ = (i?^-^^^)+ = 0, and so f\^_^NM and f\^_TM are anti-selfdual. From 
(6.8) Riccix_ = 0, and since {R^){E+) = Vs = 1,2,3, then (fi-^)" = (i?-L)+ = 0. From 
Lemma 6.1(3) we get (i?"*")^ = as well. The same holds for R^^ . The final statement is a 
consequence of the previous ones and that by (6.3) (6.4), with E = TM or A^M, —pi{E) = 
2X{E) = ^!,,\\[R'')Zr. □ 

Remark. Part of Prop. 6.1 (4) is a particular case of some results in |15j and in [^. 

7 /-Kahler submanifolds 

In subsection 3.2 we saw that if is an HK manifold of complex dimension 4 and M is an 
/-Kahler submanifold, then the zero set S of F*ujj is the zero set of a globally defined I- 
holomorphic (2,0)-form if on M. Thus, S is a locally finite union of irreducible /-complex 
hypersurfaces Sj, and (p vanish to order Oj along Sj. Since 2cos^0 = ||i<'*c<jj|p = 2||99|p, cos 6 
vanish to homogeneous order along Sj. D = divisor of (p, and for any closed 

2-form (pof M 

[ --ddlog\\(p\\A^= [ (j). (7.1) 
Jm ^ Jd 

Proof of Proposition 1.1 By Theorem 3.1 we have — ic?51og A = Ricci{I {■) , ■) Auji = 
^s'^VoIm- If we take in (7.1) (j) = uj, we get ^K2{M) = Jj^ujj = J2i /e- ^i- ^ 

If / does not exist globally on M, we still can obtain a residue formula under some con- 
ditions. In we introduced the notion of controlled zero set for a function on M with 
zero set a submanifold S. For each {p,u) £ N'^T, define 1 < k{p,u) < +oo the order of 
the zero of V'(p, «)('") = cos^ 6 {expp{ru)) at r = 0. We will say that cos^ 6 has a controlled 
zero set if there exist a nonnegative integrable function / : A^^S [0, +cxd] and ro > s.t. 
SMpo<r<rok^ log(v9(p „)(r))| < f{p,u) a.e. {p,u) G A^^S. For each p G S, S{p,l) denotes the 
unit sphere of TpS-*- and a^' its volume. The function k{p) = Js[pi) ^^iP^^)d'S(p,i)U is the 
average order of the zero p of cos^ 6, in the normal direction. Next proposition has a very similar 
proof to the one of Theorem 1.2 of so we omit it. 

Proposition 7.1. Assume {N,J,g) is Ricci-flat KE and M is I-Kdhler, closed, and T, is a 
finite disjoint union of closed submanifolds Sj with dimension di < 2 and let ki^ be the range 
set of K on A^^S* and define N'^T,"- = K~^{ki^). If k is bounded a.e. and cos 6 has controlled zero 
set, then 

k2{M) = - 5^ vr / k{p)Volj,^ = -5 E E^n'^'o^^is.CiV'sZ)- 

i:di=2 i:di=2 7 

As a consequence we have got a removable high rank singularity theorem: 
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Corollary 7.1. In the conditions of Prop. 7.1, k2{M) < 0, with equality to zero ijf T,i = 



Now we prove 

Proposition 7.2. Let Al be closed Cayley submanifold of a Ricci-flat Kdhler- Einstein 4-fold 
{N,J,g), that is not J-complex neither J-Lagrangian but it is I-Kdhler on a open dense set U 
of M C. Then 

(1) Vp > 1, J^^^cos^pOs^^VoIm < . Consequently, > iff s^'^ = 0. If that is the case then 
cos 9 is constant. 

(2) If M is immersed without J-Lagrangian points, then 2k2(M) = J^^s^'^VoIm = 0. 

Proof From (3.20) Acos'^P 6 = p cos'^p 9 s^'^ + Ap"^ cos^^~^ ||Vcos6'|p. Integration and Stokes gives 
the inequalities in (1). If s^ > and since the set of J-Lagrangian points has empty interior, 
(1) implies s^^ = 0, and so Acos^^0 > 0. Thus, cos 9 is constant. Integration of (3.20) under 
the assumption of £ = proves (2). □ 

Corollary 7.2. If M is a closed I -complex 4^- submanifold of an HK manifold (N, I, J, K, g) of 

real dimension 8, and if s*^ > 0, then M is a totally complex submanifold. 

Proof. Quaternionic submanifolds are HK, and so Ricci-flat, what is not possible. If we assume 
M is not totally complex, by Proposition 7.1 s*^ should vanish. □ 

Proposition 7.3. If M is a closed I -complex ^-submanifold of an HK manifold (N, I , J, K, g) 

of real dimension 8, at quaternionic points s^^ < 0. 

Proof. Quaternionic points are maximum points of cos 9. Thus, by (3.20) s*^ < 0. □ 

Proposition 7.4. Let M be a Cayley submanifold of a Ricci flat KE 8-manifold {N,J,g), that 
is neither J-complex nor J-Lagrangian and it is a I-Kdhler on a open set O of M . If cos 9 is 
constant on O then (M, I, J^, IJ^j) is HK on O. 

Proof. Since cos 9 is constant on O, by Prop. 3. 6, is Kahler on O, and so, M is HK on O. □ 

The following proposition was already announced in [2j and can be also seen as a corollary of 
the above propositions: 

Theorem 7.1. (^21 ) If M is a closed I -complex ^-submanifold of an HK manifold {N, /, J, K, g) 
of real dimension 8, and M is neither a quaternionic nor a totally complex submanifold, then 
the following assertions are equivalent to each other: 



Vi : di 



= 2. 





(d) do not need compactness of M. The 
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8 Cayley submanifolds of 

8.1 Complex Cayley graphs 

We consider = M.'^ x M^, with the euchdean metric qq ( in M^, and so in M^). The set of 
^(-orthogonal complex structures of has two connected components. Let us fix Jq given by 

— > is a smooth map, the 



Jo{X,Y) = {—Y,X), and denote by ljq the Kahler form . If / : 



graph of / is the map Tf : 



In 7_ we compute the Kahler angles 



of Fj with respect to Jq. Let gM be the the graph metric on 



9M 



{TfYgo. Note that 



T*jUJo{X,Y) = go{—df{X) + df {X),Y), where go is w.r.t. M . Using the musical isomorphism 
w.r.t. the Euclidean metric go on we have gM = Id + df^ o df and T*jUJo = —df + d/*. The 
metric gM is complete if / is defined on all M^. The solutions of 

det{T}u;o - Xgu) = (8.1) 

are pure imaginary, and = — cos^ Oa give the Kahler angles. We can compute explicitly (8.1). 
Set f{x,y,z,w) = {u,v,s,t). Then 



df 



du 


du 


du 


du 


dx 


dy 


dz 


dw 


dv 


dv 


dv 


dv 


dx 


dy 


dz 


dw 


ds 


d 


ds 


ds_ 


dx 


dy 


dz 


dw 


dl 


m. 


dt 


dt_ 


_ dx 


dy 


dz 


dw _ 



Now define 
A 
I -- 
h 



du _|_ dv^ 
dy dx 



(91 91) 
\ dy ' dw I 



B 



m 



ds 
dx 



du 

dz 



= (9L 91) 
\ dz ' dw I 

(l + llff) 



c 

p = 

d-- 



dt_ 

dx 



du 
dw 



(91 a/^ 
\ dx ' dy ' 

fl+ll^l|2 
U+ll dz II 



D 

q = 

n - 



ds 



dv 
dz 



(91 91. 
\(9x' dzl 



E 



dt 



dv 
dw 



^ dx ' dw I 



F 

k -- 



dt 

dz 



9s_ 

dw 



\dy' dz' 



A = 2hlkm + hodn-h{df +om^ +nk^)+p^{-dn + rn^)+q^{f -no)+r'^{-od + k^) 
+2qm{—lp + or) + 2pr{—mk + dl) + 2qk{pn — rl) 

B = 2DE{qr - hm) + 2BE{-rk + pm) + 2BD{lr - np) + 2CE{-dp + qr) 

+2AE{dr - qm) + 2CF{-oq + pk) + 2CB{-om + kl) + 2DF{-rp + hi) 
+2AF{-rk + ql) + 2AD{-rm + nq) + 2AC{-dl + mk) + 2AB{ml - nk) 
+2CD{-ql + mp) + 2FE{qp - kh) + 2FB{or - pi) + E'^{dh - q^) 
+B\no - f) + o{hF^ + dC^) + n{hD^ + dA^) - c^k^ - r^D^ - m^A^ - p^F^ 

V = {AF - BE + CD)'^. 

The Kahler angles of Tj are the solutions of (8.1) for — = = cos^ 6 what explicitly reads 
fi^A - fiB + 1) = 0. Thus Tf has e.k.a. iff ^ 7^ and = AAV, and in this case cos^ 6 = 

^ = -1/^, or ^ = and in this case cos O = -g- We can find a very large family of Cayley 
submanifolds M in a hyper-Kahler ambient space by taking two different complex structures 
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Jx,Jy, and considering M J^-complex and N Jj^-complex, where x,y are any elements of 5^. 
Those submanifolds are automaticaUy minimal, and the expression of the k.a is simplified (see 
Prop. 3. 5). We will restrict ourselves to this case. 

If we consider on a g'o-orthogonal complex structure J^^, the complex structure (J^^,, —Jui) 
of ]R^, {Ji_j,—Ji^){X,Y) = {J^^X,—J^^Y) is 5(o-orthogonal and anti-commutes with Jq. Then 
(Jo, (Ju), —Juj)i Jo X (Ju), —Ju))) defines an Hyper- Kahler structure on M^. If / : ^ is a 
J(j-anti-holomorphic map, then the graph of / is a {J^, — J(^)-complex submanifold of M^. We 
consider the complex structure i = -^(ei A 62 + 63 A 64), where ei, 62, 63, 64 is the canonic basis 

of = X C M^. Recall that, considering C with the usual complex structure, also denoted 
by Jq, Jo{x,y) = {-y,x), and if /(x,y) = {u,v) : = C ^ R"^ = C then fix,y) = {u,v) is 
anti-holomorphic iff df o Jq = — Jq o d/, iff || = || and |^ = that is, iff h{x,y) = {v,u) 

is holomorphic. Let / : — R^, f{x,y,z,w) = {s,t,u,v). Then / is anti-i-holomorphic iff 
{x,y) — > (ujv), {x,y) — > {s,t), {z,w) — > {u,v) and {z,w) — > {s,t) are anti-holomorphic, iff 




du dv_ du dv du 9i) 

dy dx dz dw dw dz 

ds dt ds dt ds dt 

'Uy Si '&Z '5w '5w '&Z 



(8.2) 



This implies 

A = F = Q- B = -£;=||-t; C = Z^ = |-|^; P={%,%)=Q, rn = , l^) = 0; 

a = 91) ^ dudu , dudu , ds_ds , dsds_ ^1 idl df_\ 

" \ 9x ' (Jz ' dx dz dy dw dx dz dy dw > dy ' dw ' 

r = ^) = -dudu _ dvdv _ dtdi _ dsds ^ _u ^ 9/\ 

\ dx ' dw I dy dz dy dz dy dz dy dz \dy ^ dz ' 

h=ii+ iiSf ) = (1 + ilif ) =0; d=ii+ iiiif ) = (1 + wiir) = n 

A={hd-q^- A;2)2 > 1; B = ABCkq + 2{B^ + C^){dh - k"^ - q^) 

Note that, the linear map (uq, wo) : R'^ — > C = R^ 

{uQ,vo){x,y,z,w) = {x + y + z + w,x — y + z — w) (8.3) 

is anti-holomorphic, considering C = R^ and R^ with the complex structures Jq and i = JqX Jq, 
respectively, or equivalently, {uo,vo) satisfies the first eq. of (8.2) 

Proposition 8.1. /// is anti-i-holomorphic and at a point p, r = k = that is, at p, f|ff — 
iif^~~f|if"'"fi^' th^'"' is a minimal submanifold with e.k.a. 6 at p given by 



cos^ e = 



f ds _ du\2 _|_ f ds_ _ du \2 

\ dx dz ' ^dy dw > 

d + ||££||2u-| I ||££||2^ _ (91 ££\2 

K^^WdxW )\^^\\dz\\ ) \dx^ dz/ 



Proof. We only have to apply the above formulas, and the fact that since / is anti-i-holomorphic 

df f du du ds_ ds_\ df_ / du du ds_ ds_\ dj_ /du du_ ds_ ds_\ dj_ ( du_ du ds_ ds \ 

dx ^dx'' dy' dx^ dy'^ dy ^dy' dx' dy' dx)' dz ^dz' dw ' dz ' dw ' ' dw v dw ' dz ' dw ' dz ' 

andsollf || = ||i||. □ 
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Corollary 8.1. /// : ^ satisfies 

du dv_ du dv dv du dv du 

dx dy dz dm dx dy dz dw ("'^j 

ds 9? 9s dt dt ds_ 9t ds 

dx dy dz dw dx dy dz dw 

Then f is in the conditions of Proposition 8.1 at every p £ M^, with h = a = d = n and 

^ = i = f/xr = f/zr = i¥x? + {%? + (i)^ + 

( ds _ du\2 _|_ ( ds_ _ du \2 
2/1 ^ dx dz ' ' ydy dw ' 

QQg fy = - 

l + 2((i|)2 + (f|)2 + (||)2 + (|)2) 

T f is a complete Cayley submanifold with no jQ-complex points. Furthermore, — §f )^ + 
(|| — is bounded iff cos^ 6 is bounded by a constant 5 < 1. 

Proof Set X = -^,Y = -^,a = {B- 2Xf + {C - 2Yf = (|f + f|)2 + (| + |h)2^ ^nd 
C,= B"^ + 0"^. Then cos^ = with C, a > 0. This function is an increasing function on C,, 

what implies the last assertion. □ 

Remark. For any constants a,/3, the map / = {a{uQ,VQ), f3{uQ,VQ))., where {uq,vq) is given by 
(8.3), satisfies the conditions of Corol. 8.1. 

The following example of \7 ^ was announced in 1201 (we note that in jJOj is missing a sequareroot 
on the denominator of the expression of cosO). It is an example on the conditions of Cor. 8.1. 



Proposition 8.2. ([D-S], [S,l]) Let (j){t) = sm{t), ^(t) = sinh(t), and 

u{x, y, z, w) = (f){x + z)S,'{y + w) 
v{x, y, z, w) = -(f>'{x + z)S,{y + w) 

then: 

(a) If f = {u,v,u,v), Tf is a complete minimal Lagrangian submanifold. 

(6) If f = {u,v,—u,—v), Tf is a complete Cayley submanifold with e.k.a and 



(8.5) 



cosO = 2\l ^ — ■ — ^ ^ . , 2 — ■ ^ (8.6) 



cos'^{x + z) + sinh^(y + w) 
1 + 4(cos2(2; + z) + sinh^(y + w)) 

Thus Tf has no J^-complex points, but cosO assume all values of [0, 1[. The set of Lagrangian 
points is an infinite discrete family of parallel 2-planes C = U^,g2-IR" (li 0, — 1, 0)©M- (0, 1, 0, — 1) + 
(0, 0, § + A;^, 0). 

Proposition 8.3. Let f : ^ R^ 6e a map. 

(1) A point pq is a Jo-complex point ofTf iff df{po) : R^ — > R^ is a complex structure o/R^. 
If that is the case, then it is gM -orthogonal. It is g^-orthogonal iff gM = '^90- 

(2) If Juj is a go-orthogonal complex structure o/R and at a point po, df{X) = aJi^{X) where a is 
any nonzero real number, then Tf has e.k.a. at a point po, with cos6 = -^^^ and T*jUJo{X,Y) = 
gM{cos6eJuj{X),Y), where J^j is also a g]\f -orthogonal structure on R^, and e = signa. 

Proof (1) At Po, Tf is a Jo-complex submanifold iff VX G R^ 3y e R'' s.t. {Y,df{Y)) = 
Jo{X,df{X)) = {-df{X),X). that is -df{df{X)) = X, but this is equivalent to df{po) : R^ ^ 
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to be a complex structure J^. Now gM{X,Y) = go{X,Y) + go{Ju}{X), Jaj{Y)) and so gu is 
J(j-Herinitian, or equivalently is ^M-orthogonal. Now easily follows that is ^o-orthogonal 
iff gM = 2go. 

(2) the condition e.k.a, Tfooo = cos 6J^ (under a giM-musical isomorphism), means —go{df{X), Y)+ 
go{X,df{Y)) = cos9go{Juj{X),Y)+ cos 6go{df{J^X),df{Y)) for some JM-orthogonal structure 
on M^. Obviously if df{po) = aJ^^ with (70-orthogonal, then immediately we verify that 
Tf has e.k.a. at pQ with cosO = ^^^2 a-i^d TjCJo = cosOeJ^. □ 

Corollary 8.2. Assume f is anti-i-holom,orphic and Tj is at a point a Jo-complex subman- 
ifold o/M*^, that is df{po) = J^, where J^j is a complex structure ofM.^, gM -orthogonal. Then i 
and anti- commute and are both gM -orthogonal on R^. 

Proof. Let X,Y E M*^. From df{po){iX) = —idf{po){X) we have Juj ° i = —i° Ju- That 
is, J^, and i anti-commute. Now, at pq gMiiX,iY) = gQ{iX,iY) + gQ{df{po){iX),df{po){iY)) 
= go{X, Y) + go{-idf{po){X), -idf{po)iY)) = gM{X, Y). So i is also ^M-orthogonal. □ 

Now we are ready to get examples of non- Jo-holomorphic Cayley submanifolds of (M^, Jo,5o) 
with Jo-complex points, or non-linear Cayley graphs with cos 6 < S < 1. 

Consider the complex structure j of j = ;^(ei A 63 — 62 A 64). Then ji = —ij, so j can be 

seen as a (linear) anti-z-holomorphic map of M"^, j{x,y,z,w) = {—z,w,x,—y) (with dj{p) = j 
Vp = {x,y,z,w)). 

Proposition 8.4. Let / : ^ be any anti-i-holomorphic with df{0) = 0. Then / : R — 
R^, f = j -\- f is s.t. its graph defines a Cayley submanifold ofM.^ with a Jq- complex point 0. 

Proof. Since df{0) = j, by proposition 8.3(1) the tangent space of Fy^ is at a Jo-complex 
subspace of R^. □ 

Corollary 8.3. (1) f{x, y, z, w) = j{x, y, z, w) -\- {x^ — y^, —2xy, z^ — w^, —2zw) defines a non 
Jo-holomorphic Cayley submanifold o/R^ with only one Jo-complex point, namely at 0. 

(2) f{x,y,z,w) = j{x,y, z,w) -\- (a;^ — y'^,—2xy,0,0) defines a non Jo-holomorphic Cayley sub- 
manifold o/R^ with set of Jo-complex point C = R^ x {(0, 0)}. 

Proof. (1) From previous proposition is a Jo-complex point. If p = {x,y,z,w) is a Jo-complex 
point of Ff, then df{p) = j + with {j -\- ^)^ = —Id, where 

^ = {2xel - 2yel, -2yel - 2xel 2zel - 2wet -2wel - 2zet) 

Prom -Id = {j + f = f + jC + U + = -Id + + + C^, we should have + = 
But = 4(^2 + ei + (g) 62) + 4(2;^ + w'^){el (g) eg + et ® 64) and (j^ + 6')(ei) = 

2(a: + 2:)e3 + 2(y-?«)e4, (j^ + Ci)(e3) = -2{x + z)ei +2{y - w)e2, and so + = "C^ is only 
possible for p = 0. The case (2) is similar with ^ = {2xe\ — 2ye1, —2ye\ — 2xe^,0, 0). □ 

Proposition 8.5. Let f = f +{a{uo, vq), (3{uq, vq)) where f = (u, v, u, v) is given by Prop. 8. 2(a) 
and {uo,vo) by (8.3) and a, (3 any constants. Then f is anti-i-holomorphic satisfying (8.4), and 

^ l+2(a^+/3^) < 

Proof. Use proof of Cor. 8.1 to check the upper bound of cos^. □ 
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8.2 Coassociative graphs 

A coassociative graph is a Cayley graph of a map / : R^ C R^ (see ^| ) . In this case at 

each point p, df{p) : R^ — > R^cM^ cannot be an isomorphism. Thus, by Prop. 8.3 (1) we have: 

Corollary 8.4. IfTj is a coassociative graph then it has no Jq- complex points. 

An example of a coassociative graph given in J2] is the graph of r] : R'^ 7]{x) = ^0^xex 

where the product is the quaternionic product and e is a unit of R^ = ImR'^. This is the cone 
of the Hopf map from to S'^. 
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